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Problems

Algebra

A1. Suppose that a sequence ay, as, ... of positive real numbers satisfies
> l{;ak
gyl =
el a: + (k—1)
for every positive integer k. Prove that a; + as + - - - + a, = n for every n > 2.
(Serbia)
A2. Determine all functions f: Z — Z with the property that
flz—=fy) = f(f(2) = fly) -1
holds for all x,y € Z.
(Croatia)
A3. Let n be a fixed positive integer. Find the maximum possible value of
Z (s —r—n)r,xs,
1<r<s<2n
where —1 < z; < 1foralli=1,2,...,2n.
(Austria)
A4. Find all functions f: R — R satisfying the equation
fla+flx+y)+ flay) =2+ flz+y) +yf(z)
for all real numbers x and y.
(Albania)

AS5. Let 2Z + 1 denote the set of odd integers. Find all functions f: Z — 27 + 1 satisfying

flr+f@) +y)+ flz—fla)—y) = fle+y) + flz—y)

for every x,y € Z.

(U.S.A.)

AG6. Let n be a fixed integer with n > 2. We say that two polynomials P and @ with real
coefficients are block-similar if for each i € {1,2,...,n} the sequences

P(2015i), P(2015i — 1), ..., P(2015i — 2014)  and
Q(20157), Q(2015i — 1), ..., Q(2015i — 2014)

are permutations of each other.

(a) Prove that there exist distinct block-similar polynomials of degree n + 1.

(b) Prove that there do not exist distinct block-similar polynomials of degree n.

(Canada)
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Combinatorics

C1. In Lineland there are n > 1 towns, arranged along a road running from left to right.
Each town has a left bulldozer (put to the left of the town and facing left) and a right bulldozer
(put to the right of the town and facing right). The sizes of the 2n bulldozers are distinct.
Every time when a right and a left bulldozer confront each other, the larger bulldozer pushes
the smaller one off the road. On the other hand, the bulldozers are quite unprotected at their
rears; so, if a bulldozer reaches the rear-end of another one, the first one pushes the second one
off the road, regardless of their sizes.

Let A and B be two towns, with B being to the right of A. We say that town A can sweep
town B away if the right bulldozer of A can move over to B pushing off all bulldozers it meets.
Similarly, B can sweep A away if the left bulldozer of B can move to A pushing off all bulldozers
of all towns on its way.

Prove that there is exactly one town which cannot be swept away by any other one.

(Estonia)
C2. Let V be a finite set of points in the plane. We say that V is balanced if for any two
distinct points A, B € V, there exists a point C' € V such that AC' = BC. We say that V is

center-free if for any distinct points A, B, C' € V, there does not exist a point P € V such that
PA=PB = PC.

(a) Show that for all n > 3, there exists a balanced set consisting of n points.

(b) For which n = 3 does there exist a balanced, center-free set consisting of n points?

(Netherlands)

C3. For a finite set A of positive integers, we call a partition of A into two disjoint nonempty
subsets A; and Ay good if the least common multiple of the elements in A; is equal to the
greatest common divisor of the elements in A;. Determine the minimum value of n such that
there exists a set of n positive integers with exactly 2015 good partitions.

(Ukraine)
C4. Let n be a positive integer. Two players A and B play a game in which they take turns
choosing positive integers k£ < n. The rules of the game are:

(1) A player cannot choose a number that has been chosen by either player on any previous
turn.

11) A player cannot choose a number consecutive to any of those the player has already chosen
Y Yy Y y
on any previous turn.

(17i) The game is a draw if all numbers have been chosen; otherwise the player who cannot
choose a number anymore loses the game.

The player A takes the first turn. Determine the outcome of the game, assuming that both

players use optimal strategies.
(Finland)
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C5. Consider an infinite sequence ay, as, . .. of positive integers with a; < 2015 for all 7 > 1.
Suppose that for any two distinct indices 7 and j we have ¢ + a; # j + a;.

Prove that there exist two positive integers b and N such that

n

>, (ai—b)

i=m+1

< 10072

whenever n > m > N.

(Australia)

C6. Let S be a nonempty set of positive integers. We say that a positive integer n is clean if
it has a unique representation as a sum of an odd number of distinct elements from S. Prove

that there exist infinitely many positive integers that are not clean.
(U.S.A.)

C7. 1In a company of people some pairs are enemies. A group of people is called unsociable
if the number of members in the group is odd and at least 3, and it is possible to arrange all
its members around a round table so that every two neighbors are enemies. Given that there
are at most 2015 unsociable groups, prove that it is possible to partition the company into 11
parts so that no two enemies are in the same part.

(Russia)
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Geometry

G1. Let ABC be an acute triangle with orthocenter H. Let G be the point such that the
quadrilateral ABGH is a parallelogram. Let I be the point on the line GH such that AC
bisects HI. Suppose that the line AC intersects the circumcircle of the triangle GCI at C
and J. Prove that IJ = AH.

(Australia)

G2. Let ABC be a triangle inscribed into a circle € with center O. A circle I' with center A
meets the side BC' at points D and E such that D lies between B and E. Moreover, let F' and
G be the common points of I' and €2. We assume that F' lies on the arc AB of {2 not containing
C, and G lies on the arc AC of € not containing B. The circumcircles of the triangles BDF
and C'EG meet the sides AB and AC' again at K and L, respectively. Suppose that the lines
FK and GL are distinct and intersect at X. Prove that the points A, X, and O are collinear.

(Greece)

G3. Let ABC be a triangle with ZC = 90°, and let H be the foot of the altitude from C.
A point D is chosen inside the triangle C BH so that C'H bisects AD. Let P be the intersection
point of the lines BD and C'H. Let w be the semicircle with diameter BD that meets the
segment C'B at an interior point. A line through P is tangent to w at (). Prove that the
lines C'QQ and AD meet on w.
(Georgia)
G4. Let ABC be an acute triangle, and let M be the midpoint of AC. A circle w passing
through B and M meets the sides AB and BC' again at P and (), respectively. Let T be
the point such that the quadrilateral BPT'(Q) is a parallelogram. Suppose that T lies on the
circumcircle of the triangle ABC. Determine all possible values of BT /BM.
(Russia)
G5. Let ABC be a triangle with CA # CB. Let D, F, and G be the midpoints of the
sides AB, AC, and BC| respectively. A circle I" passing through C' and tangent to AB at D
meets the segments AF and BG at H and I, respectively. The points H' and I’ are symmetric
to H and I about F' and G, respectively. The line H'I” meets C'D and F'G at Q and M,
respectively. The line C'M meets ' again at P. Prove that C'Q) = QP.
(El Salvador)

G6. Let ABC be an acute triangle with AB > AC, and let I" be its circumcircle. Let H,
M, and F be the orthocenter of the triangle, the midpoint of BC', and the foot of the altitude
from A, respectively. Let Q and K be the two points on I' that satisfy ZAQH = 90° and
ZQKH = 90°. Prove that the circumcircles of the triangles KQH and K F M are tangent to
each other.

(Ukraine)

GT7. Let ABCD be a convex quadrilateral, and let P, @, R, and S be points on the sides
AB, BC, CD, and DA, respectively. Let the line segments PR and QS meet at O. Suppose
that each of the quadrilaterals APOS, BQOP, CROQ, and DSOR has an incircle. Prove that
the lines AC, PQ, and RS are either concurrent or parallel to each other.

(Bulgaria)
G8. A triangulation of a convex polygon II is a partitioning of II into triangles by diagonals
having no common points other than the vertices of the polygon. We say that a triangulation
is a Thatangulation if all triangles in it have the same area.

Prove that any two different Thaiangulations of a convex polygon II differ by exactly two
triangles. (In other words, prove that it is possible to replace one pair of triangles in the first
Thaiangulation with a different pair of triangles so as to obtain the second Thaiangulation.)

(Bulgaria)
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Number Theory

N1. Determine all positive integers M for which the sequence ag,aq,as, ..., defined by
ag = % and a1 = aglag] for £ =0,1,2,..., contains at least one integer term.

(Luzembourg)
N2. Let a and b be positive integers such that a!b! is a multiple of a! + b!. Prove that
3a = 2b+ 2.

(United Kingdom,)
N3. Let m and n be positive integers such that m > n. Define z;, = (m + k)/(n + k) for k =
1,2,...,n+ 1. Prove that if all the numbers x, s, ..., x,,1 are integers, then zyxy - 2,1 — 1
is divisible by an odd prime.

(Austria)
N4. Suppose that ag,ai,... and by, by, ... are two sequences of positive integers satisfying
ag, bp = 2 and
ani1 = ged(an, by) + 1, bpy1 = lem(ay,, b,) — 1

for all n = 0. Prove that the sequence (a,) is eventually periodic; in other words, there exist
integers N > 0 and ¢ > 0 such that a,,; = a,, for alln > N.

(France)
NS5. Determine all triples (a, b, ¢) of positive integers for which ab — ¢, be — a, and ca — b are
powers of 2.

Explanation: A power of 2 is an integer of the form 2", where n denotes some nonnegative

nteger.

(Serbia)
N6. Let Z-, denote the set of positive integers. Consider a function f: Z.y — Z-o. For
any m,n € Z-o we write f"(m) = f(f(...f(m)...)). Suppose that f has the following two

y__v__/

n
properties:

fr(m) —m

(1) If m,n € Z~q, then
n

€ Z~o;

(17) The set Z-o \ {f(n)|n € Z=o} is finite.

Prove that the sequence f(1) — 1, f(2) — 2, f(3) — 3, ... is periodic.

(Singapore)
N7. Let Z-o denote the set of positive integers. For any positive integer k, a function
fi Lo — Ly is called k-good if ged(f(m) + n, f(n) + m) < k for all m # n. Find all k such
that there exists a k-good function.

(Canada)

N8. For every positive integer n with prime factorization n = Hle p;*, define

U(n) = Z ;.

i: p;>10100

That is, U(n) is the number of prime factors of n greater than 10'°°, counted with multiplicity.
Find all strictly increasing functions f: Z — Z such that

O(f(a) = f(b)) < O(a—b) for all integers a and b with a > b.

(Brazil)
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Solutions

Algebra

A1. Suppose that a sequence aq, as, ... of positive real numbers satisfies
k:ak
gyl = 55— 1
k+1 a% + (k . 1) ( )
for every positive integer k. Prove that ay +as + -+ + a, = n for every n > 2.
(Serbia)
Solution. From the constraint (1), it can be seen that
k a; + (k-1 kE—1
< k ( ) = ap + ,
Ak+1 Qg ak
and so
k kE—1
ap = - .
k41 ay,
Summing up the above inequality for £k = 1,...,m, we obtain

1 0 2 1 m m—1 m
amtagttan=|——— |+ (——— |+ -+ - - . (2)
az 4 az  a Am41 A Am+1

Now we prove the problem statement by induction on n. The case n = 2 can be done by
applying (1) to k = 1:
1

ar+as = a1+ — = 2.
451

For the induction step, assume that the statement is true for some n > 2. If a,,,1 > 1, then
the induction hypothesis yields

(a1 4+ +an) +ap1=n+1. (3)

Otherwise, if a,,1 < 1 then apply (2) as

n n—1 1
(a1+---+an)+an+1> tapt1 = + tapr | > (n—1)+2.
Ap41 Ap41 An+1

That completes the solution.

Comment 1. It can be seen easily that having equality in the statement requires a; = as = 1 in the
base case n = 2, and a,+1 = 1 in (3). So the equality a; + --- 4+ a,, = n is possible only in the trivial
case a] = -+ = a, = 1.

Comment 2. After obtaining (2), there are many ways to complete the solution. We outline three
such possibilities.

e With defining s, = a1 + -+ + a,, the induction step can be replaced by

n
5n+1:5n+an+1>5n+8_>n+1a
n

. n.
because the function  — z + — increases on [n, o).
T
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e By applying the AM—GM inequality to the numbers a1 + - - - + ax and ka1, we can conclude

a1+ -+ ap + kapy = 2k
and sum it up for k=1,...,n — 1.

e We can derive the symmetric estimate

n

n
Z aiaj=Z(a1+ +a31 Z]—l
7j=2

1<i<j<n j=2

and combine it with the AM-QM inequality.

n(n —1)

2
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A2. Determine all functions f: Z — Z with the property that

flz—fw) =f(f@) - fly)—1 (1)

holds for all x,y € Z.
(Croatia)

Answer. There are two such functions, namely the constant function x — —1 and the successor
function z — x + 1.

Solution 1. It is immediately checked that both functions mentioned in the answer are as
desired.

Now let f denote any function satisfying (1) for all x,y € Z. Substituting z = 0 and
y = f(0) into (1) we learn that the number z = — f(f(0)) satisfies f(z) = —1. So by plugging
y = z into (1) we deduce that

fla+1) = f(f(=)) (2)
holds for all = € Z. Thereby (1) simplifies to
fle=f@) =flz+1) = fly)-1. (3)

We now work towards showing that f is linear by contemplating the difference f(x+1)— f(x)
for any x € Z. By applying (3) with y = z and (2) in this order, we obtain

P+ 1) = f2) = F(o— (@) +1 = F(flz—1— f(z)) +1.
Since (3) shows f(z —1— f(z))= f(z) — f(z) — 1 = —1, this simplifies to
fle+1) = fz)+ A,

where A = f(—1) + 1 is some absolute constant.

Now a standard induction in both directions reveals that f is indeed linear and that in fact
we have f(x) = Az + B for all x € Z, where B = f(0). Substituting this into (2) we obtain
that

Az + (A+ B) = A’z + (AB + B)

holds for all z € Z; applying this to x = 0 and # = 1 we infer A+ B = AB + B and A% = A.
The second equation leads to A = 0 or A = 1. In case A = 1, the first equation gives B = 1,
meaning that f has to be the successor function. If A = 0, then f is constant and (1) shows
that its constant value has to be —1. Thereby the solution is complete.

Comment. After (2) and (3) have been obtained, there are several other ways to combine them so as
to obtain linearity properties of f. For instance, using (2) thrice in a row and then (3) with z = f(y)
one may deduce that

fy+2)=f(flu+1) =F(f(fW)) = F(fw) +1) = fly) + f(0) +1

holds for all y € Z. It follows that f behaves linearly on the even numbers and on the odd numbers
separately, and moreover that the slopes of these two linear functions coincide. From this point, one
may complete the solution with some straightforward case analysis.

A different approach using the equations (2) and (3) will be presented in Solution 2. To show
that it is also possible to start in a completely different way, we will also present a third solution that
avoids these equations entirely.
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Solution 2. We commence by deriving (2) and (3) as in the first solution. Now provided that f
is injective, (2) tells us that f is the successor function. Thus we may assume from now on that
f is not injective, i.e., that there are two integers a > b with f(a) = f(b). A straightforward
induction using (2) in the induction step reveals that we have f(a + n) = f(b + n) for all
nonnegative integers n. Consequently, the sequence v, = f(b + n) is periodic and thus in
particular bounded, which means that the numbers

= min and = max
p = miny, (0 Nax Y

exist.
Let us pick any integer y with f(y) = ¢ and then an integer > a with f(:c — f(y)) = .
Due to the definition of ¢ and (3) we have

o< fle+1)=flx—fy)+fy)+1=2p+1,

whence ¢ > —1. The same reasoning applied to 1 yields ¢ < —1. Since ¢ < ¢ holds trivially,
it follows that ¢ = 1 = —1, or in other words that we have f(¢) = —1 for all integers ¢ > a.

Finally, if any integer y is given, we may find an integer x which is so large that z + 1>«
and x — f(y) = a hold. Due to (3) and the result from the previous paragraph we get

fy)=fla+1)—flz—fly) —1=(-1)—(-1) -1 =—1.
Thereby the problem is solved.

Solution 3. Set d = f(0). By plugging = = f(y) into (1) we obtain

P =fly)+d+1 (4)

for all y € Z, where the left-hand side abbreviates f(f(f(y))). When we replace = in (1) by
f(z) we obtain f(f(z)— f(y)) = f3(z) — f(y) — 1 and as a consequence of (4) this simplifies to

F(f@) = f) = fl@) = fly) +d. (5)

Now we consider the set
E={f(x)—d|zeZ}.

Given two integers a and b from FE, we may pick some integers x and y with f(z) = a + d
and f(y) = b+ d; now (5) tells us that f(a —b) = (a — b) + d, which means that a — b itself
exemplifies a — b e E. Thus,

E is closed under taking differences. (6)

Also, the definitions of d and E yield 0 € E. If E = {0}, then f is a constant function
and (1) implies that the only value attained by f is indeed —1.

So let us henceforth suppose that F contains some number besides zero. It is known that in
this case (6) entails £ to be the set of all integer multiples of some positive integer k. Indeed,
this holds for

k = min{|z||z € E and x # 0},

as one may verify by an argument based on division with remainder.
Thus we have

(f@)|zeZ} ={k t+d|teZ}. (7)

Due to (5) and (7) we get
flk-t)y=Fk-t+d
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for all t € Z, whence in particular f(k) = k + d. So by comparing the results of substituting
y =0 and y = k into (1) we learn that

flz+k)=[f(z)+k (8)

holds for all integers z. In plain English, this means that on any residue class modulo k the
function f is linear with slope 1.

Now by (7) the set of all values attained by f is such a residue class. Hence, there exists an
absolute constant ¢ such that f(f(z)) = f(z) + ¢ holds for all z € Z. Thereby (1) simplifies to

flo—fy) = fl@) = fly)+ec—1. (9)

On the other hand, considering (1) modulo k£ we obtain d = —1 (mod k) because of (7). So
by (7) again, f attains the value —1.

Thus we may apply (9) to some integer y with f(y) = —1, which gives f(z+ 1) = f(z) + c.
So f is a linear function with slope c¢. Hence, (8) leads to ¢ = 1, wherefore there is an absolute
constant d’ with f(z) = x+d for all x € Z. Using this for x = 0 we obtain d’ = d and finally (4)
discloses d = 1, meaning that f is indeed the successor function.
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A3. Let n be a fixed positive integer. Find the maximum possible value of

Z (s —r—n)r,zs,

1<r<s<2n

where —1 < x; < 1foralli=1,2,... 2n.
(Austria)

Answer. n(n —1).

Solution 1. Let Z be the expression to be maximized. Since this expression is linear in every

variable x; and —1 < x; < 1, the maximum of Z will be achieved when z; = —1 or 1. Therefore,
it suffices to consider only the case when x; € {—1,1} for all i = 1,2,...,2n.
Fori=1,2,...,2n, we introduce auxiliary variables
i 2n
Yi = 2 Ty — Z Ty .
r=1 r=i+1

Taking squares of both sides, we have

Z:c + Z 22, + Z 20,Ts — Z 20,

r<s<i 1<r<s r<i<s
=2n + 2 21, Ty + Z 20, Ts — Z 21,1, , (1)
r<s<i 1<r<s r<i<s

where the last equality follows from the fact that x,. € {—1,1}. Notice that for every r < s, the
coefficient of x,z5in (1) is 2 for each ¢ = 1,...,7—1,s,...,2n, and this coefficient is —2 for each
i=r7,...,5—1. This implies that the coefficient of z,x, in 37" y? is 2(2n — s+ 1) —2(s — 1) =
4(n — s + ). Therefore, summing (1) for : = 1,2,...,2n yields

2n
ny = 4n* + Z 4(n — s +r)z,ms = 4n® — 4Z. (2)
= 1<r<s<2n

Hence, it suffices to find the minimum of the left-hand side.

Since z, € {—1,1}, we see that y; is an even integer. In addition, y; — y;—1 = 2x; = +2,
and so y;_1 and y; are consecutive even integers for every ¢ = 2,3,...,2n. It follows that
y? | + y? = 4, which implies

2n n
Z%‘Q Z (923 1t y2j) = 4n. (3)
i=1 j=1
Combining (2) and (3), we get
2n
in < Y yP =4n® —4AZ. (4)

Hence, Z < n(n —1).
If we set x; = 1 for odd indices ¢ and x; = —1 for even indices 7, then we obtain equality
in (3) (and thus in (4)). Therefore, the maximum possible value of Z is n(n — 1), as desired.

Comment 1. Z = n(n — 1) can be achieved by several other examples. In particular, z; needs not
be +1. For instance, setting z; = (—1)? for all 2 < i < 2n, we find that the coefficient of x1 in Z is 0.
Therefore, 21 can be chosen arbitrarily in the interval [—1, 1].

Nevertheless, if x; € {—1,1} for all ¢ = 1,2,...,2n, then the equality Z = n(n — 1) holds only
when (y1,92,...,92n) = (0,£2,0,+2,...,0,+2) or (£2,0,4+2,0,...,4+2,0). In each case, we can
reconstruct x; accordingly. The sum 21221 x; in the optimal cases needs not be 0, but it must equal 0
or +2.



14 IMO 2015 Thailand

Comment 2. Several variations in setting up the auxiliary variables are possible. For instance, one
may let zo,4; = —x; and y, = x; + z41 + -+ + Titp—1 for any 1 < i < 2n. Similarly to Solution 1,
we obtain YV := y2 + y2 + .-+ + yi2, = 2n? — 2Z. Then, it suffices to show that Y > 2n. If n is odd,

then each y/ is odd, and so y/> > 1. If n is even, then each y/ is even. We can check that at least one

/ / / / . 12 12 12 12 . : .
of i, Yir1> Ynysr and y,, ;0 is nonzero, so that y;* + y; %, +vy,7; + ¥, = 4; summing these up for

1
i1=1,3,...,n—1yields Y > 2n.

Solution 2. We present a different method of obtaining the bound Z < n(n —1). As in
the previous solution, we reduce the problem to the case x; € {—1,1}. For brevity, we use the
notation [2n] = {1,2,...,2n}.

Consider any xq, s, ..., T, € {—1,1}. Let

A={ie2n]: z; =1} and B={ie[2n]: z; = —1}.

For any subsets X and Y of [2n] we define

e(X,Y) = Z (s—r—mn).

r<s, reX, seY

One may observe that

e(A, A)+e(A, B)+e(B, A)+e(B, B) = e([2n], [2n]) = Z (s—r—n) = _(n — 1n(2n —1) .

Therefore, we have

(n—1)n(2n —1)
2=l s

Z =e(A,A) —e(A,B) —e(B,A) + ¢(B,B) = 2(e(A, A) + e(B, B)) +

Thus, we need to maximize e(A, A) + e(B, B), where A and B form a partition of [2n].

Due to the symmetry, we may assume that |A| = n —p and |B| = n + p, where 0 < p < n.
From now on, we fix the value of p and find an upper bound for Z in terms of n and p.

Let a <ay <--- <ap_pand by < by < --- < by list all elements of A and B, respectively.
Then

n—p o
e(AA) = Z (aj—ai—n)=Z(2i—1—n+p)ai—(n2p>.n (6)
I<i<j<n-—p =1
and similarly
ety n-+p
B,B) =N (2—1-n—p)b— .
e(8.5) = 3= 1=n == (") o )

Thus, now it suffices to maximize the value of

n—p n+p

M= (2i—1-n+pa;+ > (2i—1—n—p. (8)

i=1 i=1

In order to get an upper bound, we will apply the rearrangement inequality to the se-
quence ap,as, ..., an_p, b1, b2, ..., byy, (Which is a permutation of 1,2,...,2n), together with
the sequence of coefficients of these numbers in (8). The coefficients of a; form the sequence

n_p_lan_p_3771_n+p7
and those of b; form the sequence

n+p—1n+p—-3,...;,1—n—p.
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Altogether, these coefficients are, in descending order:
en+p+1—2ifori=1,2...,p;
e n—p+1— 24, counted twice, for ¢ = 1,2,...,n — p; and
e —(n+p+1—-2i), fori=pp—1,...,1
Thus, the rearrangement inequality yields
P
M< Y (n+p+1—2i)2n+1—1i)
i=1
n—p
+ Y (n—p+1—2i)((2n+2—p—2i) + (2n+1—p— 2i))
i=1
p
— D (n+p+1-2i)i. (9)
i=1

Finally, combining the information from (5), (6), (7), and (9), we obtain

;- (n—l)r;(Zn—l) _2n(<n;p) . <n—21-p))

p n—p
+2> (n+p+1-2i)2n+1—2i)+2 ) (n—p+1—2i)(4n—2p+3 — 4i),

i=1 i=1

which can be simplified to

Z<nn 1)~ Splp-1p+1).

Since p is a nonnegative integer, this yields Z < n(n — 1).
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A4. Find all functions f: R — R satisfying the equation
flz+flx+y)+ flay) =2+ flz+y) +yf(z) (1)

for all real numbers x and y.
(Albania)
Answer. There are two such functions, namely the identity function and = — 2 — .

Solution. Clearly, each of the functions x — x and = — 2 — x satisfies (1). It suffices now to
show that they are the only solutions to the problem.

Suppose that f is any function satisfying (1). Then setting y = 1 in (1), we obtain
flz+ flz+1) =2+ f(z+1); (2)

in other words, = + f(x + 1) is a fixed point of f for every = € R.
We distinguish two cases regarding the value of f(0).
Case 1. f(0) # 0.
By letting z = 0 in (1), we have
F(F@) + £(0) = f(y) +yf(0).

So, if yp is a fixed point of f, then substituting y = y, in the above equation we get y, = 1.
Thus, it follows from (2) that x + f(z+1) = 1 for all z € R. That is, f(z) = 2—x for all z € R.

Case 2. f(0) =0.
By letting y = 0 and replacing = by = + 1 in (1), we obtain

flz+fle+)+1)=a+ fz+1)+ 1. (3)
From (1), the substitution x = 1 yields
FA+Fly+10)+ fly) =1+ fly+1) +yf(D). (4)

By plugging = = —1 into (2), we see that f(—1) = —1. We then plug y = —1 into (4) and
deduce that f(1) = 1. Hence, (4) reduces to

SO+ fly+1)+fly) =1+ fly+1)+y. (5)

Accordingly, if both yo and y, + 1 are fixed points of f, then so is yo + 2. Thus, it follows
from (2) and (3) that z + f(z + 1) + 2 is a fixed point of f for every x € R; i.e.,

fla+fla+1)+2)=a+ fz+1)+2.
Replacing x by x — 2 simplifies the above equation to
f(x+f(x—1)) =z + f(x—1).

On the other hand, we set y = —1 in (1) and get

fle+fla=1)) =2+ flz—1) — f(z) - f(-2).
Therefore, f(—z) = —f(x) for all x € R.

Finally, we substitute (x,y) by (=1, —y) in (1) and use the fact that f(—1) = —1 to get

F=1+f=y =)+ fly) = =1+ f(=y = 1) +.

Since f is an odd function, the above equation becomes
—fL+fly+1) + fly)=-1-fly+1) +y.

By adding this equation to (5), we conclude that f(y) =y for all y € R.
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AS5. Let 2Z + 1 denote the set of odd integers. Find all functions f: Z — 27 + 1 satisfying

flz+ flx) +y) + flz— flz) —y) = fl@+y) + flz—y) (1)

for every x,y € Z.
(U.S.A.)
Answer. Fix an odd positive integer d, an integer k, and odd integers fg, ¢1,...,¢4 1. Then

the function defined as
f(md +1i) = 2kmd + ¢;d (meZ, i=0,1,...,d—1)

satisfies the problem requirements, and these are all such functions.

Solution. Throughout the solution, all functions are assumed to map integers to integers.

For any function ¢ and any nonzero integer ¢, define

Aig(x) = g(z +t) — g(x).

For any nonzero integers a and b, notice that A,Ayg = AyA,g. Moreover, if A,g = 0 and
Apg = 0, then A,,pg = 0 and A, g = 0 for all nonzero integers t. We say that ¢ is t-quasi-
periodic if A;g is a constant function (in other words, if AjA;g = 0, or A;g is t-periodic). In
this case, we call t a quasi-period of g. We say that g is quasi-periodic if it is t-quasi-periodic
for some nonzero integer t.

Notice that a quasi-period of g is a period of A;g. So if g is quasi-periodic, then its minimal
positive quasi-period ¢ divides all its quasi-periods.

We now assume that f satisfies (1). First, by setting a = = + y, the problem condition can
be rewritten as

Apayfla) = Npy [ (22 — a — f(x)) for all z,a € Z. (2)

Let b be an arbitrary integer and let k be an arbitrary positive integer. Applying (2) when
a is substituted by b,b+ f(z),...,b+ (k —1)f(x) and summing up all these equations, we get

Apsy f(0) = Appn f (20 — b — kf(2)).
Notice that a similar argument works when £ is negative, so that

Apf(b) =Apnf(2x —b— M) for any nonzero integer M such that f(x) | M.  (3)

We now prove two lemmas.
Lemma 1. For any distinct integers z and y, the function Ajem(f(z),(y)) [ 15 2(y — x)-periodic.
Proof. Denote L = lcm(f(x), f(y)) Applying (3) twice, we obtain

Apf(b) =Arf(2e—b—L)=Apf(2y — (b+2(y—x)) — L) = Apf(b+2(y — 2)).
Thus, the function Ay f is 2(y — x)-periodic, as required. O]

Lemma 2. Let g be a function. If ¢t and s are nonzero integers such that A, g = 0 and
AAyg = 0, then A;g = 0.
Proof. Assume, without loss of generality, that s is positive. Let a be an arbitrary integer.
Since AyAyg = 0, we have

Ag(a) = Agla+t) = = Ng(a+ (s —1)1).

The sum of these s equal numbers is Ayg(a) = 0, so each of them is zero, as required. ]
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We now return to the solution.

Step 1. We prove that f is quasi-periodic.

Let @ = lem(f(0), f(1)). Applying Lemma 1, we get that the function g = Agf is
2-periodic. In other words, the values of g are constant on even numbers and on odd numbers
separately. Moreover, setting M = () and z = b = 0 in (3), we get ¢(0) = g(—@Q). Since 0 and
—( have different parities, the value of g at even numbers is the same as that at odd numbers.
Thus, ¢ is constant, which means that () is a quasi-period of f.

Step 2. Denote the minimal positive quasi-period of f by T. We prove that T | f(x) for all
mtegers x.

Since an odd number () is a quasi-period of f, the number T is also odd. Now suppose, to
the contrary, that there exist an odd prime p, a positive integer «, and an integer u such that
p® | T but p*{ f(u). Setting z = wand y = 01in (1), we have 2 (u) = f(u+f(u))+ f(u— f(u)),
so p® does not divide the value of f at one of the points v+ f(u) or u— f(u). Denote this point
by v.

Let L = lem(f(u), f(v)). Since |u —v| = f(u), from Lemma 1 we get Ags)Arf = 0.
Hence the function Ay f is 2f(u)-periodic as well as T-periodic, so it is ged (T, 2f(u))—periodic,
or AgearrofwyArf = 0. Similarly, observe that the function Ageqrofw))f is L-periodic as
well as T-periodic, so we may conclude that Ageq(r,r)Agca(r2fwyf = 0. Since p® 1 L, both
ged(T,2f(u)) and ged(T, L) divide T'/p. We thus obtain Ag/,Ary,f = 0, which yields

ArpArpAif = 0.

Since ApA;f = 0, we can apply Lemma 2 to the function A;f, obtaining Az,A;f = 0.
However, this means that f is (7'/p)-quasi-periodic, contradicting the minimality of 7. Our
claim is proved.

Step 3. We describe all functions f.

Let d be the greatest common divisor of all values of f. Then d is odd. By Step 2, d is a
quasi-period of f, so that Ayf is constant. Since the value of A;f is even and divisible by d,
we may denote this constant by 2dk, where k is an integer. Next, for all ¢ = 0,1,...,d — 1,
define ¢; = f(i)/d; notice that ¢; is odd. Then

f(md+1i) = Apaf(i) + f(i) = 2kmd + ¢;,d  forallmeZ andi=0,1,...,d— 1.

This shows that all functions satisfying (1) are listed in the answer.

It remains to check that all such functions indeed satisfy (1). This is equivalent to check-
ing (2), which is true because for every integer z, the value of f(x) is divisible by d, so that
Ay(y) f is constant.

Comment. After obtaining Lemmas 1 and 2, it is possible to complete the steps in a different order.
Here we sketch an alternative approach.

For any function g and any nonzero integer ¢, we say that g is t-pseudo-periodic if AyAyg = 0. In
this case, we call t a pseudo-period of g, and we say that g is pseudo-periodic.

Let us first prove a basic property: if a function g is pseudo-periodic, then its minimal positive
pseudo-period divides all its pseudo-periods. To establish this, it suffices to show that if ¢ and s
are pseudo-periods of g with ¢ # s, then so is ¢ — s. Indeed, suppose that A;Arg = AgAgg = 0.
Then A:A:Asg = AwsAgg = 0, so that AyAgg = 0 by Lemma 2. Taking differences, we obtain
AN _sg = AsA;_sg =0, and thus A, ;A 59 = 0.

Now let f satisfy the problem condition. We will show that f is pseudo-periodic. When this is
done, we will let 77 be the minimal pseudo-period of f, and show that 7" divides 2f(z) for every
integer x, using arguments similar to Step 2 of the solution. Then we will come back to Step 1 by
showing that T” is also a quasi-period of f.



Shortlisted problems — solutions 19

First, Lemma 1 yields that Ay, 1) Alem(f(2),f(y))/ = 0 for every distinct integers x and y. Hence
f is pseudo-periodic with pseudo-period L, = lem (2(y —x), f(x), f(y))

We now show that 7" | 2f(z) for every integer x. Suppose, to the contrary, that there exists an
integer u, a prime p, and a positive integer a such that p® | 7" and p® 1 2 (u). Choose v as in Step 2 and
employ Lemma 1 to obtain Ag () Alem(f(u),f(v)) ] = 0. However, this implies that A/, A, f =0, a
contradiction with the minimality of T".

We now claim that ApvAs f = 0. Indeed, Lemma 1 implies that there exists an integer s such that
AsAsf = 0. Hence ApgAsf = Ap A Asf = 0, which allows us to conclude that ArAsf = 0 by
Lemma 2. (The last two paragraphs are similar to Step 2 of the solution.)

Now, it is not difficult to finish the solution, though more work is needed to eliminate the factors
of 2 from the subscripts of A7vAsf = 0. Once this is done, we will obtain an odd quasi-period of f
that divides f(x) for all integers . Then we can complete the solution as in Step 3.
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AG6. Let n be a fixed integer with n > 2. We say that two polynomials P and @ with real
coefficients are block-similar if for each i € {1,2,...,n} the sequences

P(2015i), P(2015i — 1),..., P(2015; — 2014) and
Q(20157),Q(2015: — 1),..., (2015 — 2014)

are permutations of each other.

(a) Prove that there exist distinct block-similar polynomials of degree n + 1.

(b) Prove that there do not exist distinct block-similar polynomials of degree n.

(Canada)
Solution 1. For convenience, we set k = 2015 = 2/ + 1.
Part (a). Consider the following polynomials of degree n + 1:
P(z)=][(x—ik) and  Q(z) =] [(z —ik—1).
1=0 =0
Since Q(z) = P(z — 1) and P(0) = P(k) = P(2k) = --- = P(nk), these polynomials are

block-similar (and distinct).

Part (b). For every polynomial F'(z) and every nonnegative integer m, define Yp(m) =
>, F(i); in particular, Xp(0) = 0. It is well-known that for every nonnegative integer d the
sum Y., 4% is a polynomial in m of degree d + 1. Thus ¥r may also be regarded as a real
polynomial of degree deg F' + 1 (with the exception that if F' = 0, then ¥ = 0 as well). This
allows us to consider the values of X at all real points (where the initial definition does not
apply).

Assume for the sake of contradiction that there exist two distinct block-similar polynomials
P(x) and Q(x) of degree n. Then both polynomials ¥Xp_¢(z) and Xp2_g2(z) have roots at the
points 0, k, 2k, ..., nk. This motivates the following lemma, where we use the special polynomial

n

T(x) = | [(x - ik).

1=0

Lemma. Assume that F(z) is a nonzero polynomial such that 0, k, 2k, ..., nk are among the
roots of the polynomial ¥z(x). Then deg F' = n, and there exists a polynomial G(z) such that
degG =deg F'—n and F(z) = T(2)G(z) — T(x — 1)G(x — 1).
Proof. If deg F' < n, then Yp(x) has at least n + 1 roots, while its degree is less than n + 1.
Therefore, Xp(z) = 0 and hence F'(z) = 0, which is impossible. Thus deg F' = n.

The lemma condition yields that ¥ (z) = T'(2)G(x) for some polynomial G(x) such that
deg G =degXp — (n+ 1) = deg F — n.

Now, let us define Fy(z) = T'(x)G(z) — T'(x — 1)G(x — 1). Then for every positive integer n
we have

Yk (n) = Z(T(ﬂi)G(ﬂi) —T(x = 1)G(x - 1)) = T(n)G(n) - T(0)G(0) = T(n)G(n) = Xp(n),

so the polynomial ¥p_p (z) = Xp(z) — X g (z) has infinitely many roots. This means that this
polynomial is zero, which in turn yields F'(x) = Fi(z), as required. O
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First, we apply the lemma to the nonzero polynomial R;(z) = P(x)—Q(z). Since the degree
of Ry(z) is at most n, we conclude that it is exactly n. Moreover, Ry (z) = o+ (T'(z) = T'(z —1))
for some nonzero constant .

Our next aim is to prove that the polynomial S(x) = P(x) + Q(z) is constant. Assume the
contrary. Then, notice that the polynomial Ry(z) = P(z)?—Q(x)? = Ry(z)S(z) is also nonzero
and satisfies the lemma condition. Since n < deg Ry 4+ deg S = deg Ry < 2n, the lemma yields

Ry(x) = T(x)G(x) = T(x — 1)G(x — 1)

with some polynomial G(z) with 0 < deg G < n.
Since the polynomial Ry(z) = a(T'(z) — T(x — 1)) divides the polynomial

Ry(z) = T(2)(G(z) — Gz — 1)) + G(z — 1)(T'(z) — T(x — 1)),
we get Ry(z) | T(z)(G(x) — G(z — 1)). On the other hand,
gcd(T(x),Rl(x)) = gcd(T(x),T(:E) —T(x— 1)) = gcd(T(x),T(x — 1)) =1,

since both T'(x) and T'(x—1) are the products of linear polynomials, and their roots are distinct.
Thus Ry (z) | G(x) — G(x — 1). However, this is impossible since G(z) — G(z — 1) is a nonzero
polynomial of degree less than n = deg R;.

Thus, our assumption is wrong, and S(z) is a constant polynomial, say S(z) = /5. Notice
that the polynomials (2P(z) — 3)/a and (2Q(z) — )/« are also block-similar and distinct.
So we may replace the initial polynomials by these ones, thus obtaining two block-similar
polynomials P(x) and Q(z) with P(x) = —Q(x) = T(xz) — T'(x — 1). It remains to show that
this is impossible.

For every ¢ = 1,2...,n, the values T'(ik — k + 1) and T'(ik — 1) have the same sign. This
means that the values P(ik —k + 1) = T'(ik — k + 1) and P(ik) = —T(ik — 1) have opposite
signs, so P(x) has a root in each of the n segments [ik — k + 1,ik]. Since deg P = n, it must
have exactly one root in each of them.

Thus, the sequence P(1), P(2),..., P(k) should change sign exactly once. On the other
hand, since P(x) and —P(x) are block-similar, this sequence must have as many positive terms
as negative ones. Since k = 2¢ + 1 is odd, this shows that the middle term of the sequence
above must be zero, so P({ + 1) =0, or T'(¢ + 1) = T'(¢). However, this is not true since

T+ 1) =0+ 1] [0 ][I+ 1—ik| < |e|-|e+1]- ][I0 —ik| = |T(0),
i=2 i=2
where the strict inequality holds because n > 2. We come to the final contradiction.

Comment 1. In the solution above, we used the fact that £ > 1 is odd. One can modify the
arguments of the last part in order to work for every (not necessarily odd) sufficiently large value of k;
namely, when k is even, one may show that the sequence P(1), P(2),..., P(k) has different numbers
of positive and negative terms.

On the other hand, the problem statement with &k replaced by 2 is false, since the polynomials
P(z) =T(x)—T(x—1) and Q(z) = T(x — 1) —T(x) are block-similar in this case, due to the fact that
P(2i—1)=—P(2i) = Q(2i) = —Q(2i— 1) =T(2i — 1) for all ¢ = 1,2,...,n. Thus, every complete
solution should use the relation k& > 2.

One may easily see that the condition n > 2 is also substantial, since the polynomials = and
k + 1 — x become block-similar if we set n = 1.

It is easily seen from the solution that the result still holds if we assume that the polynomials have
degree at most n.
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Solution 2. We provide an alternative argument for part (b).

Assume again that there exist two distinct block-similar polynomials P(z) and Q(z) of
degree n. Let R(x) = P(z) — Q(x) and S(z) = P(z) + Q(z). For brevity, we also denote the
segment [(i — 1)k + 1,ik]| by I;, and the set {(: — 1)k + 1, (i — 1)k + 2,...,ik} of all integer
points in I; by Z;.

Step 1. We prove that R(z) has exactly one root in each segment I;, i = 1,2,...,n, and all
these roots are simple.

Indeed, take any i € {1,2,...,n} and choose some points p—, p* € Z; so that

P(p™) = min P(x) and P(p") = max P(x).

:BEZZ' :BEZZ'

Since the sequences of values of P and @) in Z; are permutations of each other, we have
R(p~)=P(p ) —Q(p~) <0and R(p") = P(p") —Q(p™) = 0. Since R(z) is continuous, there
exists at least one root of R(x) between p~ and p* — thus in ;.

So, R(z) has at least one root in each of the n disjoint segments I; with i = 1,2,...,n.
Since R(x) is nonzero and its degree does not exceed n, it should have exactly one root in each
of these segments, and all these roots are simple, as required.

Step 2. We prove that S(x) is constant.

We start with the following claim.

Claim. For every i = 1,2,...,n, the sequence of values S((z — Dk + 1), S((z — Dk + 2), o
S(ik) cannot be strictly increasing.

Proof. Fix any i € {1,2,...,n}. Due to the symmetry, we may assume that P(ik) < Q(ik).
Choose now p~ and p* as in Step 1. If we had P(p*) = P(p~), then P would be constant
on Z;, so all the elements of Z; would be the roots of R(x), which is not the case. In particular,
we have p* # p~. If p~ > p*, then S(p~) = P(p™) + Q(p~) < Q(p*) + P(p™) = S(p*), so our
claim holds.

We now show that the remaining case p~ < p* is impossible. Assume first that P(p*) >
Q(p*). Then, like in Step 1, we have R(p~) < 0, R(p*) > 0, and R(ik) < 0, so R(z) has a root
in each of the intervals [p~,p*) and (p™,ik]|. This contradicts the result of Step 1.

We are left only with the case p— < p* and P(p*) = Q(p™) (thus p* is the unique root of
R(x) in I;). If p* = ik, then the values of R(x) on Z; \ {ik} are all of the same sign, which
is absurd since their sum is zero. Finally, if p~ < p* < ik, then R(p~) and R(ik) are both
negative. This means that R(z) should have an even number of roots in [p~, ik], counted with

multiplicity. This also contradicts the result of Step 1. OJ
In a similar way, one may prove that for every i = 1,2, ..., n, the sequence S((z -k + 1),
S((z — Dk + 2), ..., S(ik) cannot be strictly decreasing. This means that the polynomial

AS(xz) = S(x) — S(z — 1) attains at least one nonnegative value, as well as at least one non-
positive value, on the set Z; (and even on Z; \ {(i — 1)k + 1}); so AS has a root in I;.

Thus AS has at least n roots; however, its degree is less than n, so AS should be identically
zero. This shows that S(x) is a constant, say S(z) = f.

Step 3. Notice that the polynomials P(x) — /2 and Q(z) — /2 are also block-similar and
distinct. So we may replace the initial polynomials by these ones, thus reaching P(x) = —Q(x).

Then R(z) = 2P(z), so P(x) has exactly one root in each of the segments I;, i = 1,2,...,n.
On the other hand, P(z) and —P(z) should attain the same number of positive values on Z;.
Since k is odd, this means that Z; contains exactly one root of P(x); moreover, this root should
be at the center of Z;, because P(x) has the same number of positive and negative values on Z;.

Thus we have found all n roots of P(x), so

P(z) = cH(az—ik+€) for some ¢ € R\ {0},
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where ¢ = (k —1)/2. It remains to notice that for every ¢t € Z; \ {1} we have

(P& =lc| - [t—C—1]-[[lt—ik+e| <|c|-£-[[I1—ik+e| = [P(1)],

=2 1=2

so P(1) # —P(t) for all t € Z;. This shows that P(z) is not block-similar to —P(x). The final
contradiction.

Comment 2. One may merge Steps 1 and 2 in the following manner. As above, we set R(z) =
P(z) — Q(z) and S(x) = P(x) + Q(x).

We aim to prove that the polynomial S(x) = 2P(x) — R(z) = 2Q(x) + R(z) is constant. Since the
degrees of R(z) and S(z) do not exceed n, it suffices to show that the total number of roots of R(x)
and AS(z) = S(z) — S(x — 1) is at least 2n. For this purpose, we prove the following claim.

Claim. For every i = 1,2,...,n, either each of R and AS has a root in [;, or R has at least two roots
in Iz

Proof. Fix any i € {1,2,...,n}. Let r € Z; be a point such that |R(r)| = max,ez, |R(z)|; we may
assume that R(r) > 0. Next, let p~,¢" € I; be some points such that P(p~) = mingez, P(z) and
Q(q") = max,ez, Q(x). Notice that P(p~) < Q(r) < P(r) and Q(¢*) = P(r) > Q(r), so r is different
from p~ and ¢7.

Without loss of generality, we may assume that p~ < r. Then we have R(p~) = P(p7) - Q(p~) <
0 < R(r), so R(z) has a root in [p~,7). If ¢* > r, then, similarly, R(¢") < 0 < R(r), and R(z) also
has a root in (r,¢™]; so R(z) has two roots in I;, as required.

In the remaining case we have ¢ < r; it suffices now to show that in this case AS has a root in I;.
Since P(p~) < Q(r) and |R(p™)| < R(r), we have S(p~) =2P(p~) — R(p~) < 2Q(r) + R(r) = S(r).
Similarly, we get S(q%) =2Q(q") + R(q") = 2P(r) — R(r) = S(r). Therefore, the sequence of values
of S on Z; is neither strictly increasing nor strictly decreasing, which shows that AS has a root

Comment 3. After finding the relation P(z) — Q(z) = a(T(z) — T(z — 1)) from Solution 1, one
may also follow the approach presented in Solution 2. Knowledge of the difference of polynomials
may simplify some steps; e.g., it is clear now that P(x) — Q(z) has exactly one root in each of the
segments I;.
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Combinatorics

C1. In Lineland there are n > 1 towns, arranged along a road running from left to right.
Each town has a left bulldozer (put to the left of the town and facing left) and a right bulldozer
(put to the right of the town and facing right). The sizes of the 2n bulldozers are distinct.
Every time when a right and a left bulldozer confront each other, the larger bulldozer pushes
the smaller one off the road. On the other hand, the bulldozers are quite unprotected at their
rears; so, if a bulldozer reaches the rear-end of another one, the first one pushes the second one
off the road, regardless of their sizes.

Let A and B be two towns, with B being to the right of A. We say that town A can sweep
town B away if the right bulldozer of A can move over to B pushing off all bulldozers it meets.
Similarly, B can sweep A away if the left bulldozer of B can move to A pushing off all bulldozers
of all towns on its way.

Prove that there is exactly one town which cannot be swept away by any other one.
(Estonia)

Solution 1. Let T1,T5,...,T, be the towns enumerated from left to right. Observe first that,
if town T; can sweep away town 77}, then T; also can sweep away every town located between T;
and Tj.

We prove the problem statement by strong induction on n. The base case n = 1 is trivial.

For the induction step, we first observe that the left bulldozer in 77 and the right bulldozer
in T;, are completely useless, so we may forget them forever. Among the other 2n — 2 bulldozers,
we choose the largest one. Without loss of generality, it is the right bulldozer of some town T},
with £ < n.

Surely, with this large bulldozer T}, can sweep away all the towns to the right of it. Moreover,
none of these towns can sweep T}, away; so they also cannot sweep away any town to the left
of Ty. Thus, if we remove the towns Ty 1,Tx 9,...,7T,, none of the remaining towns would
change its status of being (un)sweepable away by the others.

Applying the induction hypothesis to the remaining towns, we find a unique town among
T1,Ts, ..., T, which cannot be swept away. By the above reasons, it is also the unique such
town in the initial situation. Thus the induction step is established.

Solution 2. We start with the same enumeration and the same observation as in Solution 1.
We also denote by ¢; and r; the sizes of the left and the right bulldozers belonging to T3,
respectively. One may easily see that no two towns 7; and 7} with ¢ < j can sweep each other
away, for this would yield r; > ¢; > r;.

Clearly, there is no town which can sweep 7,, away from the right. Then we may choose the
leftmost town 7T} which cannot be swept away from the right. One can observe now that no
town T; with ¢ > k may sweep away some town 7; with j < k, for otherwise 7; would be able
to sweep T} away as well.

Now we prove two claims, showing together that T}, is the unique town which cannot be
swept away, and thus establishing the problem statement.

Claim 1. Ty, also cannot be swept away from the left.

Proof. Let T,, be some town to the left of T,. By the choice of T}, town T,, can be swept
away from the right by some town 7, with p > m. As we have already observed, p cannot be
greater than k. On the other hand, 7T}, cannot sweep 7, away, so a fortior: it cannot sweep T,
away. L]

Claim 2. Any town T,, with m # k can be swept away by some other town.
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Proof. If m < k, then T,, can be swept away from the right due to the choice of T. In the
remaining case we have m > k.

Let T, be a town among Ty, Ti41, - .., T,,—1 having the largest right bulldozer. We claim
that T, can sweep T,,, away. If this is not the case, then r, < ¢, for some ¢ with p < ¢ < m. But
this means that ¢, is greater than all the numbers r; with k < i <m — 1, so T}, can sweep T},
away. This contradicts the choice of T},. O

Comment 1. One may employ the same ideas within the inductive approach. Here we sketch such
a solution.

Assume that the problem statement holds for the collection of towns 17,15, ..., T, _1, so that there
is a unique town 7; among them which cannot be swept away by any other of them. Thus we need
to prove that in the full collection 17,75, ..., T,, exactly one of the towns 7; and T}, cannot be swept
away.

If T,, cannot sweep T; away, then it remains to prove that 7, can be swept away by some other
town. This can be established as in the second paragraph of the proof of Claim 2.

If T;, can sweep T; away, then it remains to show that 7T;,, cannot be swept away by any other town.
Since T, can sweep T; away, it also can sweep all the towns T;,T;1,...,T,_1 away, so T}, cannot be
swept away by any of those. On the other hand, none of the remaining towns 7%,75,...,7T;_1 can
sweep T; away, so that they cannot sweep T,, away as well.

Comment 2. Here we sketch yet another inductive approach. Assume that n > 1. Firstly, we find a
town which can be swept away by each of its neighbors (each town has two neighbors, except for the
bordering ones each of which has one); we call such town a loser. Such a town exists, because there
are n — 1 pairs of neighboring towns, and in each of them there is only one which can sweep the other
away; so there exists a town which is a winner in none of these pairs.

Notice that a loser can be swept away, but it cannot sweep any other town away (due to its
neighbors’ protection). Now we remove a loser, and suggest its left bulldozer to its right neighbor (if
it exists), and its right bulldozer to a left one (if it exists). Surely, a town accepts a suggestion if a
suggested bulldozer is larger than the town’s one of the same orientation.

Notice that suggested bulldozers are useless in attack (by the definition of a loser), but may serve
for defensive purposes. Moreover, each suggested bulldozer’s protection works for the same pairs of
remaining towns as before the removal.

By the induction hypothesis, the new configuration contains exactly one town which cannot be
swept away. The arguments above show that the initial one also satisfies this property.

Solution 3. We separately prove that (i) there exists a town which cannot be swept away,
and that (i7) there is at most one such town. We also make use of the two observations from
the previous solutions.

To prove (i), assume contrariwise that every town can be swept away. Let ¢; be the leftmost
town; next, for every k = 1,2, ... we inductively choose ;1 to be some town which can sweep
tr away. Now we claim that for every k = 1,2,..., the town t;,1 is to the right of ¢; this leads
to the contradiction, since the number of towns is finite.

Induction on k. The base case & = 1 is clear due to the choice of ¢;. Assume now that for
all j with 1 < j < k, the town ;. is to the right of ¢;. Suppose that t;, is situated to the left
of t; then it lies between t; and t;;; (possibly coinciding with ¢;) for some j < k. Therefore,
tr+1 can be swept away by t;,1, which shows that it cannot sweep ¢;; away — so ¢4 also
cannot sweep t away. This contradiction proves the induction step.

To prove (ii), we also argue indirectly and choose two towns A and B neither of which can
be swept away, with A being to the left of B. Consider the largest bulldozer b between them
(taking into consideration the right bulldozer of A and the left bulldozer of B). Without loss
of generality, b is a left bulldozer; then it is situated in some town to the right of A, and this
town may sweep A away since nothing prevents it from doing that. A contradiction.
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Comment 3. The Problem Selection Committee decided to reformulate this problem. The original
formulation was as follows.

Let n be a positive integer. There are n cards in a deck, enumerated from bottom to top with
numbers 1,2,...,n. For each i = 1,2,...,n, an even number a; is printed on the lower side and an
odd number b; is printed on the upper side of the i card. We say that the i card opens the j card,
if i < j and b; < ay, for every k =i+ 1,4+ 2,...,4. Similarly, we say that the i card closes the
G card, if i > j and a; < by, for every k=i —1,i—2,...,j. Prove that the deck contains ezactly one
card which is neither opened nor closed by any other card.
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C2. Let V be a finite set of points in the plane. We say that V is balanced if for any two
distinct points A, B € V, there exists a point C' € V such that AC' = BC. We say that V is
center-free if for any distinct points A, B, C' € V, there does not exist a point P € V such that
PA=PB=PC.

(a) Show that for all n > 3, there exists a balanced set consisting of n points.

(b) For which n > 3 does there exist a balanced, center-free set consisting of n points?
(Netherlands)

Answer for part (b). All odd integers n > 3.

Solution.

Part (a). Assume that n is odd. Consider a regular n-gon. Label the vertices of the n-gon
as Aq, As, ..., A, in counter-clockwise order, and set V = {A;,..., A,}. We check that V is
balanced. For any two distinct vertices A; and A;, let k € {1,2,...,n} be the solution of
2k =i+ j (mod n). Then, since k —i = j —k (mod n), we have A; A, = A; Ay, as required.

Now assume that n is even. Consider a regular (3n — 6)-gon, and let O be its circum-
center. Again, label its vertices as Aj, ..., A3, ¢ in counter-clockwise order, and choose V =
{O, A1, Ay, ..., A,_1}. We check that V is balanced. For any two distinct vertices A; and A;, we
always have OA; = OA;. We now consider the vertices O and A;. First note that the triangle
OA; Ay a—14i 1s equilateral for all i < 7. Hence, if ¢ < g, then we have OA, /514 = AiAnjo—144
otherwise, if ¢ > %, then we have OA;_y /241 = AjAi_pnj211. This completes the proof.

An example of such a construction when n = 10 is shown in Figure 1.

Ay As Asg
Figure 1

Comment (a). There are many ways to construct an example by placing equilateral triangles in a
circle. Here we present one general method.

Let O be the center of a circle and let Ay, By, ..., Ag, Br be distinct points on the circle such
that the triangle OA;B; is equilateral for each i. Then V = {O, Ay, By,..., Ak, B} is balanced. To
construct a set of even cardinality, put extra points C, D, E on the circle such that triangles OC'D
and ODE are equilateral (see Figure 2). Then V = {O, Ay, By, ..., A, Bi,C, D, E} is balanced.

Part (b). We now show that there exists a balanced, center-free set containing n points for
all odd n > 3, and that one does not exist for any even n > 3.

If n is odd, then let V be the set of vertices of a regular n-gon. We have shown in part (a)
that V is balanced. We claim that V is also center-free. Indeed, if P is a point such that
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PA = PB = PC for some three distinct vertices A, B and C, then P is the circumcenter of
the n-gon, which is not contained in V.

Now suppose that V is a balanced, center-free set of even cardinality n. We will derive a
contradiction. For a pair of distinct points A, B € V, we say that a point C € V is associated
with the pair {A, B} if AC = BC'. Since there are "("271) pairs of points, there exists a point

P €V which is associated with at least [@ / n] = 4 pairs. Note that none of these § pairs

can contain P, so that the union of these % pairs consists of at most n — 1 points. Hence
there exist two such pairs that share a point. Let these two pairs be {A, B} and {4, C'}. Then

PA = PB = PC, which is a contradiction.

Comment (b). We can rephrase the argument in graph theoretic terms as follows. Let V be a
balanced, center-free set consisting of n points. For any pair of distinct vertices A, B € V and for
any C' € V such that AC' = BC, draw directed edges A — C and B — C. Then all pairs of vertices
generate altogether at least n(n—1) directed edges; since the set is center-free, these edges are distinct.
So we must obtain a graph in which any two vertices are connected in both directions. Now, each
vertex has exactly n — 1 incoming edges, which means that n — 1 is even. Hence n is odd.
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C3. For a finite set A of positive integers, we call a partition of A into two disjoint nonempty
subsets A; and Ay good if the least common multiple of the elements in A; is equal to the
greatest common divisor of the elements in A;. Determine the minimum value of n such that
there exists a set of n positive integers with exactly 2015 good partitions.

(Ukraine)

Answer. 3024.

Solution. Let A = {ay,as,...,a,}, where a; < ay < --- < a,. For a finite nonempty set B
of positive integers, denote by lem B and ged B the least common multiple and the greatest
common divisor of the elements in B, respectively.

Consider any good partition (A;, As) of A. By definition, lem A; = d = ged Ay for some
positive integer d. For any a, € A, and a; € Ay, we have a; < d < a;. Therefore, we have
Ay = {ay,a9,...,ax} and Ay = {ags1,axs2,...,a,} for some k with 1 < k < n. Hence, each
good partition is determined by an element a;, where 1 < k < n. We call such a; partitioning.

It is convenient now to define ¢, = lem(aq, as, ..., a;) and g, = ged(agi1, agro, .- -, a,) for
1 <k<n-—1. So a is partitioning exactly when ¢, = g;.

We proceed by proving some properties of partitioning elements, using the following claim.

Claim. If a1 and a; are partitioning where 2 < k <n — 1, then g,_1 = g1 = a.

Proof. Assume that ay_; and a4 are partitioning. Since f,_; = gp_1, we have {1 | ay.
Therefore, gx = {; = lem(ly_1, ax) = ag, and g1 = ged(ag, gr) = ag, as desired. O
Property 1. Forevery k =2,3,...,n—2, at least one of a;_1, ax, and ag, is not partitioning.

Proof. Suppose, to the contrary, that all three numbers a;_1, ay, and a;; are partitioning. The
claim yields that a1 = g = ag, a contradiction. ]

Property 2. The elements a; and ay cannot be simultaneously partitioning. Also, a, o and
a,_1 cannot be simultaneously partitioning

Proof. Assume that a; and as are partitioning. By the claim, it follows that as = g1 = {1 =
lem(a;) = aq, a contradiction.

Similarly, assume that a,_» and a,_; are partitioning. The claim yields that a,, 1 = ¢,_1 =
ged(ay,) = a,, a contradiction. O

Now let A be an n-element set with exactly 2015 good partitions. Clearly, we have
n > 5. Using Property 2, we find that there is at most one partitioning element in each
of {ay,as} and {a,_2,a,_1}. By Property 1, there are at least ["T_E’J non-partitioning elements
in {as,ay,...,a,_3}. Therefore, there are at most (n — 1) — 2 — ["T*‘E)J = [@] partitioning

elements in A. Thus, [@] > 2015, which implies that n > 3024.

Finally, we show that there exists a set of 3024 positive integers with exactly 2015 parti-
tioning elements. Indeed, in the set A = {2-6%,3-6°,6'"! | 0 <4 < 1007}, each element of the
form 3 - 6% or 6, except 6'°% is partitioning.

Therefore, the minimum possible value of n is 3024.

Comment. Here we will work out the general case when 2015 is replaced by an arbitrary positive
integer m. Note that the bound [2("—;2)] > m obtained in the solution is, in fact, true for any positive
integers m and n. Using this bound, one can find that n > [377”] + 1.

To show that the bound is sharp, one constructs a set of [‘%n] + 1 elements with exactly m good
partitions. Indeed, the minimum is attained on the set {6°,2-6°,3-6' | 0 <i <t — 1} U {6'} for every
even m = 2t, and {2-6%,3-6',6!"! | 0 <i <t — 1} for every odd m = 2t — 1.
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C4. Let n be a positive integer. Two players A and B play a game in which they take turns
choosing positive integers k < n. The rules of the game are:

(1) A player cannot choose a number that has been chosen by either player on any previous
turn.

(7i) A player cannot choose a number consecutive to any of those the player has already chosen
on any previous turn.

(77i) The game is a draw if all numbers have been chosen; otherwise the player who cannot
choose a number anymore loses the game.

The player A takes the first turn. Determine the outcome of the game, assuming that both
players use optimal strategies.
(Finland)

Answer. The game ends in a draw when n = 1, 2,4, 6; otherwise B wins.

Solution. For brevity, we denote by [n] the set {1,2,...,n}.

Firstly, we show that B wins whenever n # 1,2,4,6. For this purpose, we provide a strategy
which guarantees that B can always make a move after A’s move, and also guarantees that the
game does not end in a draw.

We begin with an important observation.

Lemma. Suppose that B’s first pick is n and that A has made the k" move where k > 2. Then
B can also make the k" move.

Proof. Let S be the set of the first kK numbers chosen by A. Since S does not contain consecutive
integers, we see that the set [n]\ S consists of k£ “contiguous components” if 1 € S, and k + 1
components otherwise. Since B has chosen only £ — 1 numbers, there is at least one component
of [n]\' S consisting of numbers not yet picked by B. Hence, B can choose a number from this
component. ]

We will now describe a winning strategy for B, when n # 1,2,4,6. By symmetry, we may
assume that A’s first choice is a number not exceeding "T“ So B can pick the number n in
B’s first turn. We now consider two cases.

Case 1. n is odd and n = 3. The only way the game ends in a draw is that A eventually picks
all the odd numbers from the set [n]. However, B has already chosen n, so this cannot happen.
Thus B can continue to apply the lemma until A cannot make a move.

Case 2. n is even and n > 8. Since B has picked n, the game is a draw only if A can

eventually choose all the odd numbers from the set [n — 1]. So B picks a number from the set

{1,3,5,...,n — 3} not already chosen by A, on B’s second move. This is possible since the set
n—2

consists of 5= > 3 numbers and A has chosen only 2 numbers. Hereafter B can apply the

lemma until A cannot make a move.

Hence, in both cases A loses.

We are left with the cases n = 1,2,4,6. The game is trivially a draw when n = 1,2. When
n = 4, A has to first pick 1 to avoid losing. Similarly, B has to choose 4 as well. It then follows
that the game ends in a draw.

When n = 6, B gets at least a draw by the lemma or by using a mirror strategy. On the
other hand, A may also get at least a draw in the following way. In the first turn, A chooses 1.
After B’s response by a number b, A finds a neighbor ¢ of b which differs from 1 and 2, and
reserves c¢ for A’s third move. Now, clearly A can make the second move by choosing a number
different from 1,2,¢— 1,¢,¢ + 1. Therefore A will not lose.
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Comment 1. We present some explicit winning strategies for B.

We start with the case n is odd and n > 3. B starts by picking n in the first turn. On the & move
for k > 2, B chooses the number exactly 1 less than A’s k" pick. The only special case is when A’s
k™ choice is 1. In this situation, A’s first pick was a number a > 1 and B can respond by choosing
a — 1 on the k* move instead.

We now give an alternative winning strategy in the case n is even and n > 8. We first present a
winning strategy for the case when A’s first pick is 1. We consider two cases depending on A’s second
move.

Case 1. A’s second pick is 3. Then B chooses n — 3 on the second move. On the k" move, B chooses
the number exactly 1 less than A’s k™ pick except that B chooses 2 if A’s k™ pick is n — 2 or n — 1.

Case 2. A’s second pick is a > 3. Then B chooses a — 2 on the second move. Afterwards on the
k™ move, B picks the number exactly 1 less than A’s k™ pick.

One may easily see that this strategy guarantees B’s victory, when A’s first pick is 1.

The following claim shows how to extend the strategy to the general case.

Claim. Assume that B has an explicit strategy leading to a victory after A picks 1 on the first move.
Then B also has an explicit strategy leading to a victory after any first moves of A.

Proof. Let S be an optimal strategy of B after A picks 1 on the first move. Assume that A picks some
number ¢ > 1 on this move; we show how B can make use of S in order to win in this case.

In parallel to the real play, B starts an imaginary play. The positions in these plays differ by
flipping the segment [1, a]; so, if a player chooses some number z in the real play, then the same player
chooses a number x or a + 1 — x in the imaginary play, depending on whether = > a or « < a. Thus
A’s first pick in the imaginary play is 1.

Clearly, a number is chosen in the real play exactly if the corresponding number is chosen in the
imaginary one. Next, if an unchosen number is neighboring to one chosen by A in the imaginary play,
then the corresponding number also has this property in the real play, so A also cannot choose it.
One can easily see that a similar statement with real and imaginary plays interchanged holds for B
instead of A.

Thus, when A makes some move in the real play, B may imagine the corresponding legal move in
the imaginary one. Then B chooses the response according to S in the imaginary game and makes
the corresponding legal move in the real one. Acting so, B wins the imaginary game, thus B will also
win the real one. ]

Hence, B has a winning strategy for all even n greater or equal to 8.

Notice that the claim can also be used to simplify the argument when n is odd.

Comment 2. One may also employ symmetry when n is odd. In particular, B could use a mirror
strategy. However, additional ideas are required to modify the strategy after A picks "TH
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C5. Consider an infinite sequence ay, as, . .. of positive integers with a; < 2015 for all 7 > 1.
Suppose that for any two distinct indices 7 and j we have ¢ + a; # j + a;.

Prove that there exist two positive integers b and N such that

2 (a; —b)

< 10072

whenever n > m > N.

(Australia)

Solution 1. We visualize the set of positive integers as a sequence of points. For each n we
draw an arrow emerging from n that points to n + a,; so the length of this arrow is a,. Due to
the condition that m+ a,, # n+ a, for m # n, each positive integer receives at most one arrow.
There are some positive integers, such as 1, that receive no arrows; these will be referred to as
starting points in the sequel. When one starts at any of the starting points and keeps following
the arrows, one is led to an infinite path, called its ray, that visits a strictly increasing sequence
of positive integers. Since the length of any arrow is at most 2015, such a ray, say with starting
point s, meets every interval of the form [n,n + 2014 with n > s at least once.

Suppose for the sake of contradiction that there would be at least 2016 starting points.
Then we could take an integer n that is larger than the first 2016 starting points. But now the
interval [n,n + 2014] must be met by at least 2016 rays in distinct points, which is absurd. We
have thereby shown that the number b of starting points satisfies 1 < b < 2015. Let N denote
any integer that is larger than all starting points. We contend that b and N are as required.

To see this, let any two integers m and n with n > m > N be given. The sum )" . «a
gives the total length of the arrows emerging from m + 1,...,n. Taken together, these arrows
form b subpaths of our rays, some of which may be empty. Now on each ray we look at
the first number that is larger than m; let x4, ..., x, denote these numbers, and let yq,...,y,
enumerate in corresponding order the numbers defined similarly with respect to n. Then the
list of differences y; — x1,...,y, — xp consists of the lengths of these paths and possibly some
zeros corresponding to empty paths. Consequently, we obtain

whence

Now each of the b rays meets the interval [m + 1,m + 2015] at some point and thus z; —
m,...,x, —m are b distinct members of the set {1,2,...,2015}. Moreover, since m + 1 is not a
starting point, it must belong to some ray; so 1 has to appear among these numbers, wherefore

b—1 b b—1
L+ Y (G +1) < Di(a;—m) <1+ ».(2016 — b+ ).
j=1 j=1 j=1

The same argument applied to n and yy, ..., ¥y, yields

b—1 b b—1
L4+ Y (G +1) < Dy —n) <1+ Y (2016 — b+ j).
j=1 j=1

Jj=1
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So altogether we get

i bZI ((2016 — b+ j) — (j + 1)) = (b—1)(2015 — b)
<(b 2015 b))2 10072,

as desired.
Solution 2. Set s, = n + a, for all positive integers n. By our assumptions, we have
n+1<s, <n+ 2015

for all n € Z-g. The members of the sequence s1, s, ... are distinct. We shall investigate the
set

M=Z>0\{81,82,...}.

Claim. At most 2015 numbers belong to M.

Proof. Otherwise let m; < mg < .-+ < mggg be any 2016 distinct elements from M. For
n = Magig We have

{817...75’”}U{ml,...,m2016}g {1,2,,n+2015},

where on the left-hand side we have a disjoint union containing altogether n + 2016 elements.
But the set on the right-hand side has only n + 2015 elements. This contradiction proves our
claim. ]

Now we work towards proving that the positive integers b = |M| and N = max(M) are as
required. Recall that we have just shown b < 2015.

Let us consider any integer » = N. As in the proof of the above claim, we see that
B, =Mu{sy,...,s} (1)

is a subset of [1, 7+ 2015] N Z with precisely b+ elements. Due to the definitions of M and N,
we also know [1,r + 1] nZ < B,. It follows that there is a set C, < {1,2,...,2014} with
|C,.| =b—1 and

B.=([L,r+1]nZ)u{r+1+z|zeC.}. (2)

For any finite set of integers J we denote the sum of its elements by >’ J. Now the equations (1)
and (2) give rise to two ways of computing Y| B, and the comparison of both methods leads to

2M+§T:si=ii+b(r+l)+20r,
i=1 i=1

or in other words to
ZM+Z i—b)=b+ > C,. (3)

After this preparation, we consider any two integers m and n with n > m > N. Plugging
r =n and r = m into (3) and subtracting the estimates that result, we deduce

@ =Y6- N
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Since C, and C,, are subsets of {1,2,...,2014} with |C,| = |C,,| = b— 1, it is clear that the
absolute value of the right-hand side of the above inequality attains its largest possible value if
either C,, = {1,2,...,b— 1} and C,, = {2016 — b, ..., 2014}, or the other way around. In these

two cases we have
‘Z C, — Zcm) — (b—1)(2015 — b),

so in the general case we find

< (b—1)(2015 - b) < ((b_ D +2(2015_b))2 — 10072,

n

> (ai—b)

i=m+1

as desired.

Comment. The sets (), may be visualized by means of the following process: Start with an empty
blackboard. For n > 1, the following happens during the n'"step. The number a,, gets written on
the blackboard, then all numbers currently on the blackboard are decreased by 1, and finally all zeros
that have arisen get swept away.

It is not hard to see that the numbers present on the blackboard after n steps are distinct and
form the set C,,. Moreover, it is possible to complete a solution based on this idea.
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C6. Let S be a nonempty set of positive integers. We say that a positive integer n is clean if
it has a unique representation as a sum of an odd number of distinct elements from S. Prove
that there exist infinitely many positive integers that are not clean.

(U.S.A.)

Solution 1. Define an odd (respectively, even) representation of n to be a representation of n
as a sum of an odd (respectively, even) number of distinct elements of S. Let Z-( denote the
set of all positive integers.

Suppose, to the contrary, that there exist only finitely many positive integers that are not
clean. Therefore, there exists a positive integer N such that every integer n > N has exactly
one odd representation.

Clearly, S is infinite. We now claim the following properties of odd and even representations.

Property 1. Any positive integer n has at most one odd and at most one even representation.

Proof. We first show that every integer n has at most one even representation. Since S is infinite,
there exists « € S such that z > max{n, N}. Then, the number n+ x must be clean, and z does
not appear in any even representation of n. If n has more than one even representation, then
we obtain two distinct odd representations of n + = by adding x to the even representations
of n, which is impossible. Therefore, n can have at most one even representation.

Similarly, there exist two distinct elements y, z € S such that y,z > max{n, N}. If n has
more than one odd representation, then we obtain two distinct odd representations of n+y + 2
by adding y and z to the odd representations of n. This is again a contradiction. ]

Property 2. Fix s € S. Suppose that a number n > N has no even representation. Then
n + 2as has an even representation containing s for all integers a > 1.

Proof. 1t is sufficient to prove the following statement: If n has no even representation without s,
then n+2s has an even representation containing s (and hence no even representation without s
by Property 1).

Notice that the odd representation of n + s does not contain s; otherwise, we have an even
representation of n without s. Then, adding s to this odd representation of n + s, we get that
n + 2s has an even representation containing s, as desired. O

Property 3. Every sufficiently large integer has an even representation.

Proof. Fix any s € S, and let r be an arbitrary element in {1,2,...,2s}. Then, Property 2
implies that the set Z, = {r + 2as: a = 0} contains at most one number exceeding N with
no even representation. Therefore, Z, contains finitely many positive integers with no even
representation, and so does Z-g = Ufil L. O

In view of Properties 1 and 3, we may assume that N is chosen such that every n > N has
exactly one odd and exactly one even representation. In particular, each element s > N of S
has an even representation.

Property 4. For any s,te€ S with N < s < t, the even representation of ¢ contains s.

Proof. Suppose the contrary. Then, s+t has at least two odd representations: one obtained by
adding s to the even representation of ¢ and one obtained by adding ¢ to the even representation
of s. Since the latter does not contain s, these two odd representations of s + ¢ are distinct, a
contradiction. ]

Let s; < sy < --- be all the elements of S, and set 0, = > | s; for each nonnegative
integer n. Fix an integer k such that s > N. Then, Property 4 implies that for every i > k
the even representation of s; contains all the numbers sy, sg41,...,5;_1. Therefore,

Si =S+ Spp1+ o+ S+ Ry =021 — o1 + Ry, (1)

where R; is a sum of some of sy,...,s,_1. In particular, 0 < R; < $1+ -+ Sp_1 = Op_1.
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Let jo be an integer satisfying jo > k and o, > 204_1. Then (1) shows that, for every j > jo,
Sit1 = 05 — 01 > 0;/2. (2)
Next, let p > jo be an index such that R, = min;. ;, R;. Then,
Spi1l = Sk + Sk41+ -+ Sp + Rpp1 = (sp — Ry) + 5, + Rpy1 = 25,

Therefore, there is no element of S larger than s, but smaller than 2s,. It follows that the
even representation 7 of 2s, does not contain any element larger than s,. On the other hand,
inequality (2) yields 2s, > s; + --- 4+ s,_1, so 7 must contain a term larger than s, ;. Thus,
it must contain s,. After removing s, from 7, we have that s, has an odd representation not
containing s,, which contradicts Property 1 since s, itself also forms an odd representation
of s,,.

Solution 2. We will also use Property 1 from Solution 1.

We first define some terminology and notations used in this solution. Let Z-( denote the set
of all nonnegative integers. All sums mentioned are regarded as sums of distinct elements of S.
Moreover, a sum is called even or odd depending on the parity of the number of terms in it. All
closed or open intervals refer to sets of all integers inside them, e.g., [a,b] = {x € Z: a < x < b}.

Again, let s; < sy < --- be all elements of S, and denote o, = > ; s; for each positive
integer n. Let O,, (respectively, E,,) be the set of numbers representable as an odd (respectively,
even) sum of elements of {sy,...,s,}. Set F = J_, B, and O = [J_, O,,. We assume that
0 € E, since 0 is representable as a sum of 0 terms.

We now proceed to our proof. Assume, to the contrary, that there exist only finitely
many positive integers that are not clean and denote the number of non-clean positive integers
by m — 1. Clearly, S is infinite. By Property 1 from Solution 1, every positive integer n has at
most one odd and at most one even representation.

Step 1. We estimate s, 41 and o,,41.
Upper bounds: Property 1 yields |O,| = |E,| = 2", so ‘[1,2"‘1 + m]| \On‘ > m. Hence,
there exists a clean integer x,, € [1,2""1 4+ m] \ O,. The definition of O,, then yields that the

odd representation of x,, contains a term larger than s,,. Therefore, s,,1 < 2, < 2" ! +m for

every positive integer n. Moreover, since s; is the smallest clean number, we get o1 = s; < m.
Then,

n+1 n+1 '
Ont1 = Zsﬂrsl < 2(21_2+m)+m=2"—1+(n+1)m
i=2 i=2

for every positive integer n. Notice that this estimate also holds for n = 0.

Lower bounds: Since O, 11 < [1,0,41], we have 0,11 = |O,41| = 2™ for all positive integers n.
Then,
Spgl = Ons1 — 0 = 2" — (2" =14+ nm) =2""1+1—-nm

for every positive integer n.
Combining the above inequalities, we have
2"l —nm < s <274 m and "< 0oy <2" =14+ (n+ )m, (3)
for every positive integer n.

Step 2. We prove Property 3 from Solution 1.
For every integer x and set of integers Y, define z + Y ={z ty: ye Y}.
In view of Property 1, we get
En+1 = En U (Sn-i-l + On) and On+1 = On U (5n+1 + En)7

where U denotes the disjoint union operator. Notice also that s,.0 = 2" +1— (n + 1)m >
2"=1 — 1 4+ nm > o, for every sufficiently large n. We now claim the following.
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Claim 1. (0p — Spi1, Sna2 — Sny1) S By, for every sufficiently large n.

Proof. For sufficiently large n, all elements of (o,,s,12) are clean. Clearly, the elements
of (oy, Spy2) can be in neither O, nor O\ O,y1. So, (0p, Sni2) € Ons1 \ On = Spi1 + En,
which yields the claim. O

Now, Claim 1 together with inequalities (3) implies that, for all sufficiently large n,
E 2 FE, 2 (04— Spt1,Snio — Sni1) 2 (2nm, 2" — (n + 2)m).

This easily yields that Z-, \ E is also finite. Since Zsq \ O is also finite, by Property 1, there
exists a positive integer N such that every integer n > N has exactly one even and one odd
representation.

Step 3. We investigate the structures of E,, and O,

Suppose that z € Fs,. Since z can be represented as an even sum using {si, Sa, . .., So,}, SO
can its complement oy, — z. Thus, we get Es, = 09, — F»,. Similarly, we have

Eoy = 09— Fop, Oy = 095 — Oy, Eons1 = 09p41—Oomy1,  Oopy1 = 0opi1 — By (4)

Claim 2. For every sufficiently large n, we have

[0,0,] 20, 2 (N,0, —N) and [0,0,] 2 E, 2 (N,0, — N).

Proof. Clearly O,,, E,, < [0, 0,,] for every positive integer n. We now prove O,,, £, =2 (N, 0,—N).
Taking n sufficiently large, we may assume that s, = 2" ' +1—nm > %(2"*1 —1+nm) = 0,/2.
Therefore, the odd representation of every element of (N, o,/2] cannot contain a term larger
than s,. Thus, (N,0,/2] < O,. Similarly, since s, 1+ s1 > 0,,/2, we also have (N, 0, /2] < E,,.
Equations (4) then yield that, for sufficiently large n, the interval (N,o, — N) is a subset of
both O,, and E,,, as desired. O

Step 4. We obtain a final contradiction.

Notice that 0 € Z=o \ O and 1 € Z>o \ E. Therefore, the sets Z>o \ O and Zs, \ E are
nonempty. Denote o = max(Z=o \ O) and e = max(Z=( \ E). Observe also that e,o < N.

Taking k sufficiently large, we may assume that o9, > 2N and that Claim 2 holds for
all n = 2k. Due to (4) and Claim 2, we have that o9, — e is the minimal number greater than N
which is not in Fsyy, i.e., 09 — € = Sop4 1 + s1. Similarly,

Ook — 0 = Sok41, Ookt1 — € = Sop12, and 0941 — 0 = Sap42 + 51
Therefore, we have

s1 = (Sogs1 + 51) — Soky1 = (09 —€) — (09, —0) =0 —¢€

= (02kt1 —€) — (02kt1 — 0) = Sapt2 — (Sapg2 + 81) = —s1,

which is impossible since s; > 0.
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C7. 1In a company of people some pairs are enemies. A group of people is called unsociable
if the number of members in the group is odd and at least 3, and it is possible to arrange all
its members around a round table so that every two neighbors are enemies. Given that there
are at most 2015 unsociable groups, prove that it is possible to partition the company into 11
parts so that no two enemies are in the same part.

(Russia)

Solution 1. Let G = (V, E) be a graph where V' is the set of people in the company and E

is the set of the enemy pairs — the edges of the graph. In this language, partitioning into 11

disjoint enemy-free subsets means properly coloring the vertices of this graph with 11 colors.
We will prove the following more general statement.

Claim. Let G be a graph with chromatic number & > 3. Then G contains at least 2¥~1 — k
unsociable groups.

Recall that the chromatic number of GG is the least k& such that a proper coloring
V=V1|_:---|_|Vk (1)

exists. In view of 2! — 12 > 2015, the claim implies the problem statement.

Let G be a graph with chromatic number k. We say that a proper coloring (1) of G is
leziminimal, if the k-tuple (|Vi|,|Va|, ..., |Vk|) is lexicographically minimal; in other words, the
following conditions are satisfied: the number n; = |[V;] is minimal; the number ny = |V3] is
minimal, subject to the previously chosen value of ny; .. .; the number ny_; = |Vi_1| is minimal,
subject to the previously chosen values of ny, ..., ng_s.

The following lemma is the core of the proof.

Lemma 1. Suppose that G = (V, E) is a graph with odd chromatic number k& > 3, and let (1)
be one of its leximinimal colorings. Then G contains an odd cycle which visits all color classes
‘/17 ‘/27 ] Vk

Proof of Lemma 1. Let us call a cycle colorful if it visits all color classes.
Due to the definition of the chromatic number, V; is nonempty. Choose an arbitrary vertex
v € V1. We construct a colorful odd cycle that has only one vertex in V;, and this vertex is v.

We draw a subgraph of G as follows. Place v in the center, and arrange the sets Vo, Vs, ..., Vi
in counterclockwise circular order around it. For convenience, let V. 1 = V5. We will draw
arrows to add direction to some edges of G, and mark the vertices these arrows point to. First
we draw arrows from v to all its neighbors in V5, and mark all those neighbors. If some vertex
u e V; with i € {2,3,...,k} is already marked, we draw arrows from u to all its neighbors
in V1 which are not marked yet, and we mark all of them. We proceed doing this as long as
it is possible. The process of marking is exemplified in Figure 1.

Notice that by the rules of our process, in the final state, marked vertices in V; cannot have
unmarked neighbors in V;, ;. Moreover, v is connected to all marked vertices by directed paths.

Now move each marked vertex to the next color class in circular order (see an example in
Figure 3). In view of the arguments above, the obtained coloring V; 1 Wy -+ - L W, is proper.
Notice that v has a neighbor w € W5, because otherwise

(Vi\{o}) o (Wo U {ol) bWy - LW,
would be a proper coloring lexicographically smaller than (1). If w was unmarked, i.e., w was

an element of V5, then it would be marked at the beginning of the process and thus moved
to V3, which did not happen. Therefore, w is marked and w € V.
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Figure 1 Figure 2

Since w is marked, there exists a directed path from v to w. This path moves through the

sets Vo, ..., Vi in circular order, so the number of edges in it is divisible by k£ — 1 and thus even.
Closing this path by the edge w — v, we get a colorful odd cycle, as required. ]
Proof of the claim. Let us choose a leximinimal coloring (1) of G. For every set C' < {1,2, ..., k}

such that |C| is odd and greater than 1, we will provide an odd cycle visiting exactly those
color classes whose indices are listed in the set C'. This property ensures that we have different
cycles for different choices of C, and it proves the claim because there are 2¥~! — k choices for
the set C.

Let Vo = (U, Ve, and let G be the induced subgraph of G on the vertex set Vo, We
also have the induced coloring of Vi with |C] colors; this coloring is of course proper. Notice
further that the induced coloring is leximinimal: if we had a lexicographically smaller coloring
(We)eeo of G, then these classes, together the original color classes V; for i ¢ C, would provide
a proper coloring which is lexicographically smaller than (1). Hence Lemma 1, applied to the
subgraph G¢ and its leximinimal coloring (V.).c, provides an odd cycle that visits exactly
those color classes that are listed in the set C. ]

Solution 2. We provide a different proof of the claim from the previous solution.

We say that a graph is critical if deleting any vertex from the graph decreases the graph’s
chromatic number. Obviously every graph contains a critical induced subgraph with the same
chromatic number.

Lemma 2. Suppose that G = (V, E) is a critical graph with chromatic number k£ > 3. Then
every vertex v of G is contained in at least 2¥~2 — 1 unsociable groups.

Proof. For every set X < V', denote by n(X) the number of neighbors of v in the set X.

Since G is critical, there exists a proper coloring of G'\ {v} with k& — 1 colors, so there exists
a proper coloring V' = V3 u Vo u -+ u Vi of G such that V; = {v}. Among such colorings,
take one for which the sequence (n(Vs),n(V3),...,n(V})) is lexicographically minimal. Clearly,
n(V;) > 0 for every i = 2,3,..., k; otherwise Vo ...V, u (V;u Vi) u Vg u ... Vi would
be a proper coloring of G with k£ — 1 colors.

We claim that for every C' < {2,3,..., k} with |C| > 2 being even, G contains an unsociable
group so that the set of its members’ colors is precisely C'u {1}. Since the number of such
sets C'is 2872 — 1, this proves the lemma. Denote the elements of C by ¢y, ..., ¢y in increasing
order. For brevity, let U; = V,,. Denote by N; the set of neighbors of v in U;.
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We show that for every ¢ = 1,...,2¢ — 1 and = € N;, the subgraph induced by U; u U,
contains a path that connects x with another point in N;,;. For the sake of contradiction,
suppose that no such path exists. Let S be the set of vertices that lie in the connected component
of z in the subgraph induced by U; uU;,1, and let P = U;n S, and @ = U; .1 n S (see Figure 3).
Since z is separated from N;,;, the sets () and N;,; are disjoint. So, if we re-color G by
replacing U; and U;yq by (U; u Q) \ P and (U;z1 u P)\ Q, respectively, we obtain a proper
coloring such that n(U;) = n(V,,) is decreased and only n(U;;1) = n(V,,,,) is increased. That
contradicts the lexicographical minimality of (n(Va),n(V3),...,n(V;)).

Ui Uit

-1

Figure 3

Next, we build a path through Uy, Us, ..., Uy as follows. Let the starting point of the path
be an arbitrary vertex v; in the set N;. For ¢ < 2¢ — 1, if the vertex v; € N; is already defined,
connect v; to some vertex in N, in the subgraph induced by U; U U, 1, and add these edges to
the path. Denote the new endpoint of the path by v;,1; by the construction we have v;,1 € N; 4
again, so the process can be continued. At the end we have a path that starts at v; € N7 and
ends at some vy € Noy. Moreover, all edges in this path connect vertices in neighboring classes:
if a vertex of the path lies in U;, then the next vertex lies in U;,; or U;_;. Notice that the path
is not necessary simple, so take a minimal subpath of it. The minimal subpath is simple and
connects the same endpoints v; and vy,. The property that every edge steps to a neighboring
color class (i.e., from U; to U;yq or U;_q) is preserved. So the resulting path also visits all of
Ui, ..., Uy, and its length must be odd. Closing the path with the edges vv; and vypv we obtain
the desired odd cycle (see Figure 4). O

U, U, Us Uy Us

-l
RS
_ i

v

Figure 4

Now we prove the claim by induction on £ > 3. The base case k£ = 3 holds by applying
Lemma 2 to a critical subgraph. For the induction step, let GGy be a critical k-chromatic sub-
graph of GG, and let v be an arbitrary vertex of Gy. By Lemma 2, G, has at least 282 — 1
unsociable groups containing v. On the other hand, the graph Gg \ {v} has chromatic num-
ber k — 1, so it contains at least 2¥~2 — (k — 1) unsociable groups by the induction hypothesis.
Altogether, this gives 2F72 — 14 2¥2 — (k. —1) = 2¥~! — k distinct unsociable groups in G, (and
thus in G).
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Comment 1. The claim we proved is sharp. The complete graph with k vertices has chromatic
number %k and contains exactly 25~ — k unsociable groups.

Comment 2. The proof of Lemma 2 works for odd values of |C| > 3 as well. Hence, the second

solution shows the analogous statement that the number of even sized unsociable groups is at least
2k — 1 (%).
2
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Geometry

G1. Let ABC be an acute triangle with orthocenter H. Let G be the point such that the
quadrilateral ABGH is a parallelogram. Let [ be the point on the line GH such that AC
bisects HI. Suppose that the line AC' intersects the circumcircle of the triangle GCI at C
and J. Prove that [J = AH.

(Australia)

Solution 1. Since HG || AB and BG || AH, we have BG L BC and CH 1 GH. There-
fore, the quadrilateral BGCH is cyclic. Since H is the orthocenter of the triangle ABC, we
have ZHAC = 90°—/ZACB = ZCBH. Using that BGCH and CGJI are cyclic quadrilaterals,

we get
/CJI =/CGH = /CBH = Z/HAC.

Let M be the intersection of AC' and GH, and let D # A be the point on the line AC such
that AH = HD. Then /MJI = /ZHAC = /MDH.

Since /MJI = /MDH, Z/IMJ = ZHMD, and IM = MH, the triangles IM.J and
HMD are congruent, and thus IJ = HD = AH.

Comment. Instead of introducing the point D, one can complete the solution by using the law of
sines in the triangles IJM and AM H, yielding

IJ sin/IMJ sin/AMH AH  AH

IM ~ sin/MJI sn/HAM MH IM

Solution 2. Obtain ZCGH = ZHAC as in the previous solution. In the parallelogram
ABGH we have / BAH = ZHGB. It follows that

LHMC = /BAC = /BAH + /HAC = /ZHGB + Z/CGH = ZCGB.

So the right triangles CM H and C'GB are similar. Also, in the circumcircle of triangle GC'T
we have similar triangles M 1.J and M CG. Therefore,

IJ MI MH GB AH
CG~ MC MC GC  CG

Hence IJ = AH.
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G2. Let ABC be a triangle inscribed into a circle £ with center O. A circle I' with center A
meets the side BC' at points D and E such that D lies between B and E. Moreover, let F' and
G be the common points of I' and 2. We assume that F' lies on the arc AB of {2 not containing
C, and G lies on the arc AC of € not containing B. The circumcircles of the triangles BDF
and C'EG meet the sides AB and AC' again at K and L, respectively. Suppose that the lines
FK and GL are distinct and intersect at X. Prove that the points A, X, and O are collinear.

(Greece)

Solution 1. It suffices to prove that the lines FFK and GL are symmetric about AO. Now
the segments AF and AG, being chords of 2 with the same length, are clearly symmetric with
respect to AO. Hence it is enough to show

/KFA=/AGL. (1)

Let us denote the circumcircles of BDF and C EG by wp and w¢, respectively. To prove (1),
we start from

LKFA=/DFG+ LGFA—-/ZDFK .

In view of the circles wg, I', and 2, this may be rewritten as
/KFA=/CEG+ /GBA—-/DBK = /CEG — ZCBG.

Due to the circles we and €2, we obtain /KFA = /ZCLG — ZCAG = ZAGL. Thereby the

problem is solved.

Figure 1

Solution 2. Again, we denote the circumcircle of BDKF by wg. In addition, we set a =
/BAC, ¢ = LZABF,and ¢ = LZEDA = ZAED (see Figure 2). Notice that AF' = AG entails
p = LGCA, so all three of «, ¢, and @ respect the “symmetry” between B and C' of our
configuration. Again, we reduce our task to proving (1).

This time, we start from

2/KFA=2(/DFA—- /DFK).
Since the triangle AF' D is isosceles, we have

LDFA=/ADF = /EDF —¢=/BFD + /ZEBF — 1.



Shortlisted problems — solutions 45

Moreover, because of the circle wg we have ZDFK = ZCBA. Altogether, this yields

2/KFA=/DFA+ (/BFD + /ZEBF — 1) —2/CBA,
which simplifies to
2/.KFA=/BFA+¢—1¢—/ZCBA.
Now the quadrilateral AFBC'is cyclic, so this entails 2 /K FA = a + ¢ — 1.

Due to the “symmetry” between B and C' alluded to above, this argument also shows that
2/AGL = a + ¢ — 1. This concludes the proof of (1).

Figure 2

Comment 1. As the first solution shows, the assumption that A be the center of I' may be weakened
to the following one: The center of T lies on the line OA. The second solution may be modified to
yield the same result.

Comment 2. It might be interesting to remark that ZGDK = 90°. To prove this, let G’ denote
the point on I' diametrically opposite to G. Because of /ZKDF = /KBF = /AGF = /G'DF, the
points D, K, and G’ are collinear, which leads to the desired result. Notice that due to symmetry we
also have ZLEF = 90°.

Moreover, a standard argument shows that the triangles AGL and BGFE are similar. By symmetry
again, also the triangles AFK and C'DF are similar.

There are several ways to derive a solution from these facts. For instance, one may argue that

/KFA=/BFA—- /BFK = /BFA— /EDG' = (180° — ZAGB) — (180° — LG'GE)
— /AGE — /AGB = /BGE = /AGL.

Comment 3. The original proposal did not contain the point X in the assumption and asked instead
to prove that the lines FK, GL, and AO are concurrent. This differs from the version given above only
insofar as it also requires to show that these lines cannot be parallel. The Problem Selection Committee
removed this part from the problem intending to make it thus more suitable for the Olympiad.

For the sake of completeness, we would still like to sketch one possibility for proving F K }f AO here.
As the points K and O lie in the angular region / F AG, it suffices to check /KFA + /FAO < 180°.
Multiplying by 2 and making use of the formulae from the second solution, we see that this is equivalent
to (a4 ¢ — 1) + (180° — 2¢) < 360°, which in turn is an easy consequence of o < 180°.
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G3. Let ABC be a triangle with ZC = 90°, and let H be the foot of the altitude from C.
A point D is chosen inside the triangle C'BH so that C'H bisects AD. Let P be the intersection
point of the lines BD and C'H. Let w be the semicircle with diameter BD that meets the
segment C'B at an interior point. A line through P is tangent to w at (). Prove that the
lines C'Q and AD meet on w.
(Georgia)
Solution 1. Let K be the projection of D onto AB; then AH = HK (see Figure 1). Since
PH || DK, we have
PD HK AH ]
PB  HB HB 1)
Let L be the projection of () onto DB. Since P() is tangent to w and ZDQB = ZBLQ =
90°, we have ZPQD = ZQBP = ZDQL. Therefore, QD and Q)B are respectively the internal
and the external bisectors of ZPQL. By the angle bisector theorem, we obtain

PD _ PQ _ PB 2)

DL QL BL
AH PD DL
HB PB LB’
and sending A to D maps H to L. Moreover, 7 sends the semicircle with diameter AB passing
through C' to w. Due to CH 1 AB and QL L DB, it follows that 7(C) = Q.

Hence, the triangles ABD and C'B(Q) are similar, so ZADB = ZC@QB. This means that the

lines AD and C'QQ meet at some point 7', and this point satisfies Z/ BDT = / BQT'. Therefore,
T lies on w, as needed.

The relations (1) and (2) yield So, the spiral similarity 7 centered at B

Figure 1 Figure 2

Comment 1. Since ZBAD = /BCQ, the point T lies also on the circumcircle of the triangle ABC.

Solution 2. Let I' be the circumcircle of ABC, and let AD meet w at T. Then LZATB =
ZACB =90° so T lies on I' as well. As in the previous solution, let K be the projection of D
onto AB; then AH = HK (see Figure 2).

Our goal now is to prove that the points C, (), and T are collinear. Let C'T" meet w again
at @Q'. Then, it suffices to show that PQ’ is tangent to w, or that ZPQ'D = /Q'BD.

Since the quadrilateral BDQ'T is cyclic and the triangles AHC and K HC' are congruent, we
have /Q'BD = /Q'"TD = /CTA = /CBA = ZACH = /HCK. Hence, the right triangles

HK 'D
CHK and BQ'D are similar. This implies that K CL??D ,and thus HK - BD = CK -Q'D.
PD HK
Notice that PH || DK; theref have — = —— PD-BK = HK - BD.
otice that [ : therefore, we have BD B and so
PD CK
Consequently, PD - BK = HK - BD = CK - ()’D, which yields oD = Br

Since /CKA = /KAC = ZBDQ)', the triangles CK B and PDQ' are similar, so Z PQ'D =
/CBA = /@Q'BD, as required.
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Comment 2. There exist several other ways to prove that PQ’ is tangent to w. For instance, one

P /
may compute 7B and P% in terms of AH and HB to verify that PQ"?> = PD - PB, concluding that

PQ' is tangent to w.

Another possible approach is the following. As in Solution 2, we introduce the points 7" and Q'
and mention that the triangles ABC and DBQ’ are similar (see Figure 3).

Let M be the midpoint of AD, and let L be the projection of Q" onto AB. Construct E on the
line AB so that EP is parallel to AD. Projecting from P, we get (A, B;H,E) = (A, D; M, 0) = —1.

EA  PD

Since 15 - DB’ the point P is the image of F under the similarity transform mapping ABC
to DBQ'. Therefore, we have (D, B; L, P) = (A, B; H,E) = —1, which means that Q'D and Q'B are
respectively the internal and the external bisectors of ZPQ'L. This implies that PQ’ is tangent to w,
as required.

E A H K B
3

Solution 3. Introduce the points 7" and )" as in the previous solution. Note that 7' lies on
the circumcircle of ABC. Here we present yet another proof that PQ’ is tangent to w.

Let €2 be the circle completing the semicircle w. Construct a point F' symmetric to C' with
respect to AB. Let S # T be the second intersection point of F'T" and €2 (see Figure 4).

Figure 4

Since AC' = AF, we have /DKC = /HCK = /CBA = /CTA = /DTS = 180° —
ZSKD. Thus, the points C, K, and S are collinear. Notice also that ZQ'KD = £Q'TD =
/HCK = /KFH = 180° — ZDKF'. This implies that the points F, K, and @’ are collinear.

Applying PASCAL’s theorem to the degenerate hexagon KQ'Q'T'SS, we get that the tan-
gents to € passing through @ and S intersect on C'F. The relation ZQ'TD = /DTS yields
that @ and S are symmetric with respect to BD. Therefore, the two tangents also intersect
on BD. Thus, the two tangents pass through P. Hence, PQ’ is tangent to w, as needed.
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G4. Let ABC be an acute triangle, and let M be the midpoint of AC. A circle w passing
through B and M meets the sides AB and BC' again at P and (), respectively. Let T be
the point such that the quadrilateral BPT'(Q) is a parallelogram. Suppose that T lies on the
circumcircle of the triangle ABC'. Determine all possible values of BT /BM.

(Russia)

Answer. /2.

Solution 1. Let S be the center of the parallelogram BPT(Q, and let B’ # B be the point on
the ray BM such that BM = M B’ (see Figure 1). It follows that ABC'B’ is a parallelogram.
Then, /ABB' = /PQM and /BB'A = /B'BC = ZMPQ), and so the triangles ABB’ and
MQP are similar. It follows that AM and MS are corresponding medians in these triangles.
Hence,

LSMP = /B'AM = /BCA = /BTA. (1)
Since ZACT = /PBT and /TAC = /TBC = /BTP, the triangles TC'A and PBT are

similar. Again, as TM and PS are corresponding medians in these triangles, we have
/MTA=/TPS=/BQP =/BMP. (2)

Now we deal separately with two cases.

Case 1. S does not lie on BM. Since the configuration is symmetric between A and C', we
may assume that S and A lie on the same side with respect to the line BM.
Applying (1) and (2), we get

LBMS =/BMP — /SMP =/MTA—-/BTA=/MTB,

and so the triangles BSM and BMT are similar. We now have BM? = BS - BT = BT?/2, so
BT = +/2BM.

Case 2. S lies on BM. 1t follows from (2) that ZBCA = ZMTA = Z/BQP = ZBMP
(see Figure 2). Thus, PQ || AC and PM || AT. Hence, BS/BM = BP/BA = BM /BT, so
BT? = 2BM? and BT = \/2BM.

B’ T
Figure 1 Figure 2
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Comment 1. Here is another way to show that the triangles BSM and BMT are similar. Denote
by Q the circumcircle of the triangle ABC. Let R be the second point of intersection of w and €2, and
let 7 be the spiral similarity centered at R mapping w to €2. Then, one may show that 7 maps each
point X on w to a point Y on Q such that B, X, and Y are collinear (see Figure 3). If we let K and L
be the second points of intersection of BM with €2 and of BT with w, respectively, then it follows that
the triangle M KT is the image of SM L under 7. We now obtain ZBSM = ZT M B, which implies
the desired result.

K T
Figure 3 Figure 4

Solution 2. Again, we denote by €2 the circumcircle of the triangle ABC.

Choose the points X and Y on the rays BA and BC respectively, so that /M XB = /M BC
and ZBY M = ZABM (see Figure 4). Then the triangles BM X and Y M B are similar. Since
/XPM = ZBQM, the points P and () correspond to each other in these triangles. So, if
BP = yu- BX, then BQ = (l—u)-ﬁ/. Thus

—_ =

BT =BP+BQ=BY +u-(BX-BY)=BY +pu-YX,

which means that 7' lies on the line XY

Let B" # B be the point on the ray BM such that BM = MB’. Then ZMB'A =
LMBC =/MXB and ZCB'M = ZABM = /BY M. This means that the triangles BM X,
BAB', YMB, and B'CB are all similar; hence BA- BX = BM - BB’ = BC - BY. Thus
there exists an inversion centered at B which swaps A with X, M with B’, and C' with Y.
This inversion then swaps 2 with the line XY, and hence it preserves T'. Therefore, we have
BT? = BM - BB' = 2BM?, and BT = /2BM.

Solution 3. We begin with the following lemma.

Lemma. Let ABC'T be a cyclic quadrilateral. Let P and () be points on the sides BA and BC'
respectively, such that BPT(Q is a parallelogram. Then BP - BA+ BQ - BC = BT>.

Proof. Let the circumcircle of the triangle QT'C' meet the line BT again at J (see Figure 5).
The power of B with respect to this circle yields

BQ - BC = BJ - BT. (3)
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We also have ZTJ@Q = 180° — ZQCT = /TAB and ZQTJ = ZABT, and so the triangles
TJQ and BAT are similar. We now have T'.J/T'() = BA/BT. Therefore,

TJ-BT =TQ-BA= BP- BA. (4)

Combining (3) and (4) now yields the desired result. O

Let X and Y be the midpoints of BA and BC respectively (see Figure 6). Applying the
lemma to the cyclic quadrilaterals PBQM and ABC'T, we obtain

BX -BP + BY - BQ = BM?

and
BP-BA+BQ-BC:BT2.

Since BA = 2BX and BC = 2BY, we have BT? = 2BM?, and so BT = +/2BM.

B
AN
A M C
T T
Figure 5 Figure 6

Comment 2. Here we give another proof of the lemma using PTOLEMY’s theorem. We readily have
TC-BA+TA-BC = AC - BT.

The lemma now follows from
BP BQ BT sin/BCT

TC TA AC  sinZABC®
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G5. Let ABC be a triangle with CA # CB. Let D, F, and G be the midpoints of the
sides AB, AC', and BC', respectively. A circle I' passing through C' and tangent to AB at D
meets the segments AF and BG at H and I, respectively. The points H' and I’ are symmetric
to H and I about F' and G, respectively. The line H'I’ meets C'D and F'G at Q and M,
respectively. The line C'M meets ' again at P. Prove that C'Q) = QP.

(El Salvador)

Solution 1. We may assume that CA > C'B. Observe that H' and I’ lie inside the segments
CF and CG, respectively. Therefore, M lies outside AABC' (see Figure 1).
Due to the powers of points A and B with respect to the circle I', we have

CH -CA=AH -AC = AD* = BD*=BI -BC =CI' -CB.

Therefore, CH'-CF = CI'-CG. Hence, the quadrilateral H'I'GF is cyclic, and so ZI'H'C' =
/CGPF.

Let DF and DG meet I' again at R and S, respectively. We claim that the points R and S
lie on the line H'I'.

Observe that FH'-FA = FH-FC = FR-FD. Thus, the quadrilateral ADH'R is cyclic, and
hence /RH'F = /FDA = /CGF = /ZI'H'C. Therefore, the points R, H', and I" are collinear.
Similarly, the points S, H', and I” are also collinear, and so all the points R, H',Q,I’, S, and M
are all collinear.

Figure 1 Figure 2

Then, ZRSD = ZRDA = ZDFG. Hence, the quadrilateral RSGF is cyclic (see Figure 2).
Therefore, MH'- MI' = MF - MG = MR-MS = MP - MC. Thus, the quadrilateral CPI'H’
is also cyclic. Let w be its circumcircle.

Notice that /H'CQ = /SDC = /SRC and /ZQCI' = /CDR = /CSR. Hence,
ACH'Q ~ ARCQ and ACI'Q ~ ASCQ, and therefore QH' - QR = QC? = QI - QS.

We apply the inversion with center () and radius QC'. Observe that the points R, C, and S
are mapped to H',C, and I’, respectively. Therefore, the circumcircle I" of ARC'S is mapped
to the circumcircle w of AH'CI’. Since P and C' belong to both circles and the point C' is
preserved by the inversion, we have that P is also mapped to itself. We then get QP? = QC?.

Hence, QP = QC.

Comment 1. The problem statement still holds when I' intersects the sides CA and C'B outside
segments AF and BG, respectively.
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Solution 2. Let X = HI n AB, and let the tangent to I' at C' meet AB at Y. Let XC
meet [" again at X’ (see Figure 3). Projecting from C, X, and C again, we have (X, A; D, B) =
(X' H;D,I)=(C,I;D,H) = (Y,B; D, A). Since A and B are symmetric about D, it follows
that X and Y are also symmetric about D.

Now, MENELAUS’ theorem applied to AABC with the line HI X yields

_CH BI AX AH' CI' BY

Y=HA 10 XB HC TB YA

By the converse of MENELAUS’ theorem applied to AABC with points H',I') Y, we get that
the points H',I',Y are collinear.

Figure 3

Let T' be the midpoint of C'D, and let O be the center of I'. Let CM meet TY at N. To
avoid confusion, we clean some superfluous details out of the picture (see Figure 4).

Let V.= MT n CY. Since MT || YD and DT = TC, we get CV = VY. Then CEVA’s
theorem applied to ACTY with the point M yields
_TQ CV YN TQ YN
- QC VY NT QC NT'

1

Therefore, % = % So, NQ || CY, and thus N@Q L OC.
Note that the points O, N, T, and Y are collinear. Therefore, CQ) 1. ON. So, @ is the
orthocenter of AOCN, and hence OQ L CP. Thus, @ lies on the perpendicular bisector

of C'P, and therefore C'Q) = QP, as required.

Figure 4
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Comment 2. The second part of Solution 2 provides a proof of the following more general statement,
which does not involve a specific choice of @ on C'D.

Let YC and YD be two tangents to a circle I' with center O (see Figure 4). Let € be the midline
of AYCD parallel to YD. Let Q and M be two points on CD and £, respectively, such that the
line QM passes through Y. Then OQ L CM.
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G6. Let ABC be an acute triangle with AB > AC, and let I' be its circumcircle. Let H,
M, and F' be the orthocenter of the triangle, the midpoint of BC', and the foot of the altitude
from A, respectively. Let () and K be the two points on I' that satisfy ZAQH = 90° and
ZQKH = 90°. Prove that the circumcircles of the triangles KQH and K FM are tangent to
each other.

(Ukraine)

Solution 1. Let A’ be the point diametrically opposite to A on I'. Since ZAQA’ = 90° and
ZAQH = 90°, the points ), H, and A’ are collinear. Similarly, if @)’ denotes the point on I'
diametrically opposite to ), then K, H, and Q" are collinear. Let the line AHF intersect I'
again at F; it is known that M is the midpoint of the segment H A’ and that F' is the midpoint
of HE. Let J be the midpoint of HQ'.

Consider any point 7" such that T'K is tangent to the circle KQH at K with @ and T
lying on different sides of K'H (see Figure 1). Then ZHKT = ZHQK and we are to prove
that /ZMKT = /CFK. Thus it remains to show that /ZHQK = /ZCFK + ZHKM. Due
to ZHQK =90° — ZQ'HA" and ZCFK = 90° — ZKF A, this means the same as ZQ'HA' =
/KFA—/ZHKM. Now, since the triangles K HE and AHQ' are similar with ' and J being
the midpoints of corresponding sides, we have /KFA = /ZHJA, and analogously one may
obtain ZHKM = ZJQH. Thereby our task is reduced to verifying

LQHA = /HJA— /JQH .

Figure 1 Figure 2

To avoid confusion, let us draw a new picture at this moment (see Figure 2). Owing to
/QHA = /ZJQH + ZHJQ and ZHJA = ZQJA + ZHJ(Q, we just have to show that
2/JQH = ZQJA. To this end, it suffices to remark that AQA'Q’ is a rectangle and that J,
being defined to be the midpoint of H()’, has to lie on the mid parallel of QA’ and Q' A.

Solution 2. We define the points A’ and E and prove that the ray M H passes through Q
in the same way as in the first solution. Notice that the points A’ and E can play analogous
roles to the points @ and K, respectively: point A’ is the second intersection of the line M H
with I', and £ is the point on I" with the property ZHFEA" = 90° (see Figure 3).

In the circles KQH and EA'H, the line segments H() and HA' are diameters, respectively;
so, these circles have a common tangent ¢ at H, perpendicular to M H. Let R be the radical
center of the circles ABC, KQH and FEA'H. Their pairwise radical axes are the lines QK
A’E and the line ¢; they all pass through R. Let S be the midpoint of HR; by ZQKH =
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/HEA = 90°, the quadrilateral H ERK is cyclic and its circumcenter is S; hence we have
SK = SE = SH. The line BC, being the perpendicular bisector of HE, passes through S.

The circle HMF also is tangent to t at H; from the power of S with respect to the circle
HMF we have

SM -SF = SH? = SK*.

So, the power of S with respect to the circles KQH and KFM is SK2. Therefore, the line
segment SK is tangent to both circles at K.
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G7. Let ABCD be a convex quadrilateral, and let P, ), R, and S be points on the sides
AB, BC, CD, and DA, respectively. Let the line segments PR and QS meet at O. Suppose
that each of the quadrilaterals APOS, BQOP, CROQ, and DSOR has an incircle. Prove that
the lines AC, PQ, and RS are either concurrent or parallel to each other.

(Bulgaria)

Solution 1. Denote by v4, 78, 7¢, and ~vp the incircles of the quadrilaterals APOS, BQOP,
CROQ), and DSOR, respectively.

We start with proving that the quadrilateral ABC'D also has an incircle which will be
referred to as (2. Denote the points of tangency as in Figure 1. It is well-known that QQ; = OO,
(if BC' || PR, this is obvious; otherwise, one may regard the two circles involved as the incircle
and an excircle of the triangle formed by the lines OQ, PR, and BC). Similarly, OO, = PP;.
Hence we have Q); = PP;. The other equalities of segment lengths marked in Figure 1 can
be proved analogously. These equalities, together with AP, = AS; and similar ones, yield
AB + CD = AD + BC, as required.

Figure 1

Next, let us draw the lines parallel to @S through P and R, and also draw the lines parallel
to PR through @) and S. These lines form a parallelogram; denote its vertices by A’, B’, C’,
and D’ as shown in Figure 2.

Since the quadrilateral APOS has an incircle, we have AP — AS = OP - 0S8 = A'S— A'P.
It is well-known that in this case there also exists a circle w, tangent to the four rays AP,
AS, AP, and A’S. It is worth mentioning here that in case when, say, the lines AB and A’B’
coincide, the circle wy is just tangent to AB at P. We introduce the circles wg, we, and wp in
a similar manner.

Assume that the radii of the circles wy and we are different. Let X be the center of the
homothety having a positive scale factor and mapping w4 to we.

Now, MONGE’s theorem applied to the circles w4, €2, and we shows that the points A, C,
and X are collinear. Applying the same theorem to the circles wy, wg, and we, we see that
the points P, @), and X are also collinear. Similarly, the points R, S, and X are collinear, as
required.

If the radii of w4 and we are equal but these circles do not coincide, then the degenerate
version of the same theorem yields that the three lines AC, PQ), and RS are parallel to the
line of centers of wy and we.

Finally, we need to say a few words about the case when w4 and we coincide (and thus they
also coincide with €2, wg, and wp). It may be regarded as the limit case in the following manner.
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Figure 2

Let us fix the positions of A, P, O, and S (thus we also fix the circles wa, 74, 75, and vp). Now
we vary the circle v¢ inscribed into ZQOR; for each of its positions, one may reconstruct the
lines BC and C'D as the external common tangents to vz, v¢ and ¢, vp different from PR
and @S, respectively. After such variation, the circle €2 changes, so the result obtained above
may be applied.

Solution 2. Applying MENELAUS’ theorem to AABC with the line PQ and to AAC'D with
the line RS, we see that the line AC meets P(Q) and RS at the same point (possibly at infinity)
if and only if

AP BQ CR DS

PB QC RD SA (1)

So, it suffices to prove (1).
We start with the following result.

Lemma 1. Let EFGH be a circumscribed quadrilateral, and let M be its incenter. Then

EF-FG  FM?
GH-HE HM?

Proof. Notice that /FMH + /GMF = /FMFE + /HMG = 180°, ZFGM = /MGH, and
LHEM = ZMEF (see Figure 3). By the law of sines, we get

EFF FG sim/ZFME -sin ZGMF B sin/ZHMG -sin ZEMH B GH HFE

FM FM ~ Su/MEF -sm/FGM — sm/MGH sm/HEM — HM HM' O
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B

Figure 3 Figure 4

We denote by I, J, K, and L the incenters of the quadrilaterals APOS, BQOP, CROQ,
and DSOR, respectively. Applying Lemma 1 to these four quadrilaterals we get
AP-PO BQ-QO CR-RO DS-SO PI? QJ? RK? SIL?
0OS-SA OP-PB 0Q-QC OR-RD SI? PJ? QK? RL?

which reduces to

AP BQ CR DS PI* QJ* RK? SL*
PB QC RD SA PJ? QK? RIL* SI?’

(2)

Next, we have ZIPJ = ZJOI = 90°, and the line OP separates I and J (see Figure 4).
This means that the quadrilateral IPJO is cyclic. Similarly, we get that the quadrilateral

JQKO is cyclic with ZJQK = 90°. Thus, LQKJ = £Q0OJ = £LJOP = ZJIP. Hence,
PI QK

PJ] QJ°
These two equations together with (2) yield (1).

the right triangles /PJ and K@Q.J are similar. Therefore,
RK  SI
RL  SL

Comment. Instead of using the sine law, one may prove Lemma 1 by the following approach.

Likewise, we obtain

Let N be the point such that ANHG ~ AMFEF and such that N and M lie on different sides
of the line GH, as shown in Figure 5. Then /GNH + ZHMG = LFMFE + ZHMG = 180°. So,
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the quadrilateral GN HM is cyclic. Thus, ZMNH = /ZMGH = ZFGM and ZHMN = ZHGN =

HM HM HN MF EM
/EFM = /MFG. Hence, AHMN ~ AMFG. Therefore, 7o - ON HC — MG EBR
HM MF GM

TE ~ ME CF By multiplying these two equations, we complete the proof.

Similarly, we obtain

Solution 3. We present another approach for showing (1) from Solution 2.

Lemma 2. Let EFGH and E'F'G’'H’ be circumscribed quadrilaterals such that /E + /E' =
/F+/F =/G+/G"=/H + /H' = 180°. Then

EF-GH FE'F -GH
FG-HE FGQ - -HE"

Proof. Let M and M’ be the incenters of FFGH and E'F'G'H’, respectively. We use the
notation [ XY Z] for the area of a triangle XY Z.

Taking into account the relation ZFME + Z/F'M'E" = 180° together with the analogous
ones, we get

EF-GH [MEF]-[MGH] ME-MF -sin/FME-MG-MH -sin/HMG
FG-HE [MFG] - [MHE] MF-MG -sin/GMF -MH-ME -sin/EMH
_ M'E'-M'F'-sinZF'"M'E'"-M'G'- M'H'-sin /H'M'G'  E'F'-G'H’

M'F MG -sin ZGMF - MH - ME -sn/EMH  FG-HE’ -

Figure 6

Denote by h the homothety centered at O that maps the incircle of C ROQ to the incircle
of APOS. Let Q' = h(Q), C' = h(C), R = h(R), O' =0, 5 =5, A = A, and P' = P.
Furthermore, define B' = A’P' n C'Q)" and D’ = A’S" n C'R’ as shown in Figure 6. Then

AP-0OS AP -0
PO-SA PO -S'A

holds trivially. We also have
CR-0Q CR-0Q
RO-QC RO -QC'
by the similarity of the quadrilaterals C ROQ and C'R'O'Q)’.
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Next, consider the circumscribed quadrilaterals BQOP and B'QQ’O’P’ whose incenters lie
on different sides of the quadrilaterals’ shared side line OP = O'P’. Observe that BQ || B'Q)’
and that B’ and @’ lie on the lines BP and QO, respectively. It is now easy to see that the
two quadrilaterals satisfy the hypotheses of Lemma 2. Thus, we deduce

BQ-OP B'Q -O'P
QO -PB QO PB’

Similarly, we get
DS-OR D'S"-O'R
SO-RD SO RD"
Multiplying these four equations, we obtain

AP BQ CR DS AP BQ CR DS
PB QC RD SA P'B QC' RD SA

(3)

Finally, we apply BRIANCHON’s theorem to the circumscribed hexagon A'P'R'C'Q)’S’ and
deduce that the lines A’C’, P'Q)’, and RS’ are either concurrent or parallel to each other. So,
by MENELAUS’ theorem, we obtain

A/Pl B/Q/ C/R/ D/S/
P ' QC ' R'D ’ STA =

This equation together with (3) yield (1).
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G8. A triangulation of a convex polygon II is a partitioning of II into triangles by diagonals
having no common points other than the vertices of the polygon. We say that a triangulation
is a Thaiangulation if all triangles in it have the same area.

Prove that any two different Thaiangulations of a convex polygon II differ by exactly two
triangles. (In other words, prove that it is possible to replace one pair of triangles in the first
Thaiangulation with a different pair of triangles so as to obtain the second Thaiangulation.)

(Bulgaria)

Solution 1. We denote by [S] the area of a polygon S.

Recall that each triangulation of a convex n-gon has exactly n — 2 triangles. This means
that all triangles in any two Thaiangulations of a convex polygon II have the same area.

Let T be a triangulation of a convex polygon II. If four vertices A, B, C, and D of II
form a parallelogram, and 7 contains two triangles whose union is this parallelogram, then we
say that T contains parallelogram ABC D. Notice here that if two Thaiangulations 77 and 7
of II differ by two triangles, then the union of these triangles is a quadrilateral each of whose
diagonals bisects its area, i.e., a parallelogram.

We start with proving two properties of triangulations.
Lemma 1. A triangulation of a convex polygon II cannot contain two parallelograms.

Proof. Arguing indirectly, assume that P; and P, are two parallelograms contained in some
triangulation 7. If they have a common triangle in 7, then we may assume that P; consists of
triangles ABC and ADC' of T, while P, consists of triangles ADC and CDFE (see Figure 1).
But then BC' || AD || CE, so the three vertices B, C, and E of II are collinear, which is absurd.

Assume now that P, and P, contain no common triangle. Let P, = ABCD. The sides AB,
BC, CD, and DA partition II into several parts, and P, is contained in one of them; we may
assume that this part is cut off from P, by AD. Then one may label the vertices of P, by X,
Y, Z, and T so that the polygon ABCDXY ZT is convex (see Figure 2; it may happen that
D = X and/or T = A, but still this polygon has at least six vertices). But the sum of the
external angles of this polygon at B, C', Y, and Z is already 360°, which is impossible. A final

contradiction. ]

E

D

D X
%, Y

C

A
B B AT 4 Yy

Figure 1 Figure 2 Figure 3

Lemma 2. FEvery triangle in a Thaiangulation 7 of II contains a side of II.

Proof. Let ABC' be a triangle in 7. Apply an affine transform such that ABC' maps to an
equilateral triangle; let A’B’C” be the image of this triangle, and II' be the image of II. Clearly,
T maps into a Thaiangulation 77 of ITI'.

Assume that none of the sides of AA'B'C" is a side of II". Then 7T’ contains some other
triangles with these sides, say, A’'B'Z, C'A’Y’, and B'C’X; notice that A’ZB'X(C"Y is a convex
hexagon (see Figure 3). The sum of its external angles at X, Y, and Z is less than 360°. So one
of these angles (say, at Z) is less than 120°, hence ZA’ZB’ > 60°. Then Z lies on a circular arc
subtended by A’B’ and having angular measure less than 240°; consequently, the altitude ZH
of AA'B'Z is less than v/3 A’B’/2. Thus [A'B'Z] < [A’B'C"], and T is not a Thaiangulation.
A contradiction. ]
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Now we pass to the solution. We say that a triangle in a triangulation of II is an ear if it
contains two sides of II. Note that each triangulation of a polygon contains some ear.

Arguing indirectly, we choose a convex polygon II with the least possible number of sides
such that some two Thaiangulations 7; and 7; of II violate the problem statement (thus IT has
at least five sides). Consider now any ear ABC' in T;, with AC being a diagonal of II. If 75
also contains AABC, then one may cut AABC off from II, getting a polygon with a smaller
number of sides which also violates the problem statement. This is impossible; thus 75 does
not contain AABC.

Next, 7; contains also another triangle with side AC, say AACD. By Lemma 2, this
triangle contains a side of II, so D is adjacent to either A or C on the boundary of II. We may
assume that D is adjacent to C.

Assume that 75 does not contain the triangle BC'D. Then it contains two different trian-
gles BCX and CDY (possibly, with X = Y'); since these triangles have no common interior
points, the polygon ABCDY X is convex (see Figure 4). But, since [ABC] = [BCX] =
[ACD] = [CDY], we get AX || BC and AY | CD which is impossible. Thus 75 con-
tains ABCD.

Therefore, [ABD] = [ABC| + [ACD] — [BCD] = [ABC], and ABCD is a parallelogram
contained in 7;. Let 77 be the Thaiangulation of II obtained from 77 by replacing the diago-
nal AC with BD; then T is distinct from 75 (otherwise 77 and T3 would differ by two triangles).
Moreover, T’ shares a common ear BC'D with 7. As above, cutting this ear away we obtain
that 75 and T differ by two triangles forming a parallelogram different from ABCD. Thus T’
contains two parallelograms, which contradicts Lemma 1.

A

Ti
Figure 4 Figure 5

Comment 1. Lemma 2 is equivalent to the well-known ERDOS-DEBRUNNER inequality stating that
for any triangle PQR and any points A, B, C' lying on the sides QR, RP, and PQ, respectively, we
have

[ABC] = min{[ABR], [BCP], [CAQ]}. (1)

To derive this inequality from Lemma 2, one may assume that (1) does not hold, and choose
some points X, Y, and Z inside the triangles BC'P, CAQ, and ABR, respectively, so that [ABC]| =
[ABZ] = [BCX] = [CAY]. Then a convex hexagon AZBXCY has a Thaiangulation contain-
ing AABC, which contradicts Lemma 2.

Conversely, assume that a Thaiangulation 7 of II contains a triangle ABC none of whose sides
is a side of II, and let ABZ, AYC, and X BC be other triangles in 7 containing the corresponding
sides. Then AZBXCY is a convex hexagon.

Consider the lines through A, B, and C parallel to YZ, ZX, and XY, respectively. They form a
triangle X'Y'Z’ similar to AXY Z (see Figure 5). By (1) we have

[ABC] = min{[ABZ'],[BCX'], [CAY"]} > min{[ABZ],[BCX],[CAY]},

so T is not a Thaiangulation.
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Solution 2. We will make use of the preliminary observations from Solution 1, together with
Lemma 1.

Arguing indirectly, we choose a convex polygon II with the least possible number of sides
such that some two Thaiangulations 7; and 73 of II violate the statement (thus II has at least
five sides). Assume that 7; and 73 share a diagonal d splitting II into two smaller polygons Iy
and II,. Since the problem statement holds for any of them, the induced Thaiangulations of
each of TI; differ by two triangles forming a parallelogram (the Thaiangulations induced on II;
by 77 and T, may not coincide, otherwise 7; and 73 would differ by at most two triangles). But
both these parallelograms are contained in 77; this contradicts Lemma 1. Therefore, 77 and 7T
share no diagonal. Hence they also share no triangle.

We consider two cases.

Case 1. Assume that some vertex B of Il is an endpoint of some diagonal in 77, as well as an
endpoint of some diagonal in 75.

Let A and C' be the vertices of I adjacent to B. Then 7; contains some triangles ABX
and BCY, while T, contains some triangles ABX’ and BCY’. Here, some of the points X,
X', Y, and Y may coincide; however, in view of our assumption together with the fact that 7;
and 7, share no triangle, all four triangles ABX, BCY, ABX’, and BCY" are distinct.

Since [ABX] = [BCY| = [ABX'] = [BCY"], we have XX’ || AB and YY" || BC. Now,
if X =Y, then X’ and Y’ lie on different lines passing through X and are distinct from that
point, so that X’ # Y’. In this case, we may switch the two Thaiangulations. So, hereafter we
assume that X # Y.

In the convex pentagon ABCY X we have either /BAX + ZAXY > 180° or ZXYC +
LY CB > 180° (or both); due to the symmetry, we may assume that the first inequality holds.
Let r be the ray emerging from X and co-directed with AB ; our inequality shows that r points
to the interior of the pentagon (and thus to the interior of II). Therefore, the ray opposite to r
points outside II, so X’ lies on r; moreover, X’ lies on the “arc” C'Y of Il not containing X.
So the segments X X’ and Y B intersect (see Figure 6).

Let O be the intersection point of the rays r» and BC'. Since the triangles ABX’ and BCY”’
have no common interior points, Y’ must lie on the “arc” C'X’ which is situated inside the
triangle X BO. Therefore, the line Y'Y’ meets two sides of AX BO, none of which may be X B
(otherwise the diagonals X B and Y'Y’ would share a common point). Thus YY" intersects BO,
which contradicts Y'Y’ || BC.

X

Figure 6

Case 2. In the remaining case, each vertex of Il is an endpoint of a diagonal in at most one
of 71 and 75. On the other hand, a triangulation cannot contain two consecutive vertices with
no diagonals from each. Therefore, the vertices of II alternatingly emerge diagonals in 7; and
in 75. In particular, IT has an even number of sides.
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Next, we may choose five consecutive vertices A, B, C, D, and E of II in such a way that
/ABC + /BCD > 180° and /BCD + /ZCDE > 180°. (2)

In order to do this, it suffices to choose three consecutive vertices B, C', and D of II such that
the sum of their external angles is at most 180°. This is possible, since II has at least six sides.

o)

Figure 7

We may assume that 7; has no diagonals from B and D (and thus contains the trian-
gles ABC and CDFE), while 75 has no diagonals from A, C', and F (and thus contains the
triangle BC'D). Now, since [ABC| = [BCD] = [CDE], we have AD || BC and BE || CD
(see Figure 7). By (2) this yields that AD > BC and BE > CD. Let X = AC n BD and
Y = CE n BD; then the inequalities above imply that AX > CX and EY > CY.

Finally, 75 must also contain some triangle BDZ with Z # C; then the ray C'Z lies in
the angle ACE. Since [BCD] = [BDZ], the diagonal BD bisects C'Z. Together with the
inequalities above, this yields that Z lies inside the triangle ACE (but Z is distinct from A
and F), which is impossible. The final contradiction.

Comment 2. Case 2 may also be accomplished with the use of Lemma 2. Indeed, since each
triangulation of an n-gon contains n — 2 triangles neither of which may contain three sides of II,
Lemma 2 yields that each Thaiangulation contains exactly two ears. But each vertex of II is a vertex
of an ear either in 77 or in 75, so II cannot have more than four vertices.
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Number Theory

N1. Determine all positive integers M for which the sequence ag,aq,as, ..., defined by

ap = 2 and a1 = ag|ag] for k= 0,1,2,.. ., contains at least one integer term.

2
(Luzembourg)

Answer. All integers M > 2.
Solution 1. Define b, = 2ay, for all £ > 0. Then

=

br1 = 20541 = 2ag|ag] = by, {EJ :

Since by is an integer, it follows that b is an integer for all £ > 0.

Suppose that the sequence ag, aq, as, ... does not contain any integer term. Then b, must
be an odd integer for all k£ > 0, so that
by br(br, — 1)

b1 =b. | —| = 222, 1
o = e [ < ()

Hence b (b — 1 b, — 3)(by + 2

- — +

by —3 = 22 g GeZ bt 2) )

for all £ > 0.

Suppose that by — 3 > 0. Then equation (2) yields by, — 3 > 0 for all £ > 0. For each k > 0,
define ¢, to be the highest power of 2 that divides by — 3. Since by — 3 is even for all £ > 0, the
number ¢ is positive for every k = 0.

Note that by, + 2 is an odd integer. Therefore, from equation (2), we have that ¢,y = ¢ — 1.
Thus, the sequence ¢, c1, co, . .. of positive integers is strictly decreasing, a contradiction. So,
by — 3 < 0, which implies M = 1.

For M = 1, we can check that the sequence is constant with a; = % for all K = 0. Therefore,
the answer is M > 2.

Solution 2. We provide an alternative way to show M = 1 once equation (1) has been
reached. We claim that by = 3 (mod 2™) for all k£ > 0 and m > 1. If this is true, then we
would have b, = 3 for all k > 0 and hence M = 1.

To establish our claim, we proceed by induction on m. The base case by = 3 (mod 2) is
true for all k& = 0 since by, is odd. Now suppose that b, = 3 (mod 2™) for all £ > 0. Hence
by, = 2™d,. + 3 for some integer d. We have

3= bk+1 = (2mdk + 3) (2m71dk + 1) =3- 2m71dk +3 (mod 2m)’
so that dj, must be even. This implies that b, = 3 (mod 2™"!), as required.

Comment. The reason the number 3 which appears in both solutions is important, is that it is a
nontrivial fixed point of the recurrence relation for by.



66 IMO 2015 Thailand

N2. Let a and b be positive integers such that a!b! is a multiple of a! + b!. Prove that
3a = 2b + 2.
(United Kingdom)

Solution 1. If a > b, we immediately get 3a > 2b + 2. In the case a = b, the required
inequality is equivalent to @ > 2, which can be checked easily since (a,b) = (1,1) does not
satisfy a! + b! | a!lbl. We now assume a < b and denote ¢ = b — a. The required inequality
becomes a = 2¢ + 2.

Suppose, to the contrary, that a < 2c+ 1. Define M = % = (a+ 1)(a+2)---(a + ¢). Since
al+b! | alb! implies 1+ M | a!M, we obtain 1+ M | al. Note that we must have ¢ < a; otherwise
1 4+ M > a!, which is impossible. We observe that ¢! | M since M is a product of ¢ consecutive
integers. Thus ged(1 + M, ¢!) = 1, which implies

1+ M Z—;:(c—i—l)(c—i—Q)---a. (1)

If a < 2¢, then —,' is a product of a — ¢ < ¢ integers not exceeding a whereas M is a product of
c integers exceeding a. Therefore, 1 + M > % which is a contradiction.

It remains to exclude the case a = 2¢ + 1 Smce a+1=2(c+1), wehave c+1| M. Hence,
we can deduce from (1) that 1+ M | (¢ +2)(¢+ 3)---a. Now (¢ + 2)(c¢+ 3)---a is a product
of a — ¢ — 1 = ¢ integers not exceeding a; thus it is smaller than 1 + M. Again, we arrive at a
contradiction.

Comment 1. One may derive a weaker version of (1) and finish the problem as follows. After

assuming a < 2¢ + 1, we have [%J < ¢, 80 [%J' | M. Therefore,

HM] [+2) (|%] +2)--a

Observe that ([%J + 1) (l%J + 2) ---a is a product of [%] integers not exceeding a. This leads to a

contradiction when a is even since [%] = 5 < cand M is a product of c integers exceeding a.

When a is odd, we can further deduce that 14+ M | (%52) (%52) - asince |4| +1 =% | a+ 1.

Now (%3) (“;5) -a is a product of 5= < ¢ numbers not exceeding a, and we get a contradiction.

Solution 2. As in Solution 1, we may assume that a < b and let ¢ = b — a. Suppose, to the
contrary, that a < 2c¢+ 1. From a! + b! | alb!, we have

N=1+(a+1)(a+2)---(a+c)|(a+c),

which implies that all prime factors of N are at most a + c.

Let p be a prime factor of N. If p < cor p>a+ 1, then p divides oneof a +1, ..., a+c
which is impossible. Hence a > p > ¢ + 1. Furthermore, we must have 2p > a + ¢; otherwise,
a —|— 1<2c+2<2p<a-+csop| N —1, again impossible. Thus, we have p € (“;C, ], and
p? 1 (a + ¢)! since 2p > a + c. Therefore, p? t N as well.

If a < ¢+ 2, then the interval (””rc a] contains at most one integer and hence at most one
prime number, which has to be a. Since p* t N, we must have N = p = a or N = 1, which is
absurd since N > a > 1. Thus, we have a > ¢ + 3, and so ‘”g“ ¢+ 2. It follows that p lies
in the interval [c + 2, a].

Thus, every prime appearing in the prime factorization of N lies in the interval [¢+2, a], and
its exponent is exactly 1. So we must have N | (¢+2)(c+3) ---a. However, (¢+2)(c+3)---ais
a product of a —c—1 < ¢ numbers not exceeding a, so it is less than N. This is a contradiction.

Comment 2. The original problem statement also asks to determine when the equality 3a = 2b + 2
holds. It can be checked that the answer is (a,b) = (2,2), (4,5).
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N3. Let m and n be positive integers such that m > n. Define 7, = (m + k)/(n + k) for k =
1,2,...,n+ 1. Prove that if all the numbers x, x5, ..., x,,1 are integers, then xyxy - 2,1 —1
is divisible by an odd prime.

(Austria)
Solution. Assume that zq,xs, ..., z, 1 are integers. Define the integers
m+ k m-—n
ap =2, — 1 = —1= >0
B n+k n+k

fork=1,2,....n+1.

Let P = xyx9-- 2,41 — 1. We need to prove that P is divisible by an odd prime, or in
other words, that P is not a power of 2. To this end, we investigate the powers of 2 dividing
the numbers ay.

Let 2¢ be the largest power of 2 dividing m — n, and let 2¢ be the largest power of 2 not
exceeding 2n + 1. Then 2n +1 < 2" — 1, and so n + 1 < 2°. We conclude that 2¢ is one of the
numbers n + 1,n + 2,...,2n + 1, and that it is the only multiple of 2¢ appearing among these
numbers. Let ¢ be such that n + ¢ = 2¢. Since =" is an integer, we have d > c¢. Therefore,

n+4

2d=etl g, = o7 while 2d=ctl | qp for all ke {1,...,n+ 1}\ {/}.

Computing modulo 2971 we get

P=(a;+1)(ag+ 1) (aps1 +1)—1=(ag+1)-1"—1=a;#0 (mod 277¢"),

Therefore, 2471 4 P.
On the other hand, for any k € {1,...,n+1}\{¢}, we have 2¢7<*1 | a;. So P > a;, > 2471,
and it follows that P is not a power of 2.

Comment. Instead of attempting to show that P is not a power of 2, one may try to find an odd
factor of P (greater than 1) as follows:

From ap = 757 € Zso, we get that m — n is divisible by n + 1,n + 2,...,2n + 1, and thus
it is also divisible by their least common multiple L. So m —n = gL for some positive integer g;
hence xy, =q'ﬁ+1.

Then, since n +1 <2°=n+£<2n+1 <2 — 1, we have 2¢ | L, but 21 { L. So n%rg is odd,

while n%rk is even for k # £. Computing modulo 2¢ yields
T2 Tpp1 —1=(¢+1)-1"—1=¢q (mod 2q).
Thus, z129 -+ Tpe1 — 1 = 2gr + ¢ = q(2r + 1) for some integer 7.

Since x1@9--Tpi1 — 1 = w29 — 1 = (¢ +1)2 =1 > ¢, we have r > 1. This implies that
T1To -+ Tpy1 — 1 is divisible by an odd prime.
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N4. Suppose that ag,ai,... and by, by, ... are two sequences of positive integers satisfying
ag, bp = 2 and
api1 = ged(ay, by) + 1, bpi1 = lem(ay,, b,) — 1

for all n > 0. Prove that the sequence (a,) is eventually periodic; in other words, there exist
integers N > 0 and t > 0 such that a,,.; = a,, for alln > N.
(France)

Solution 1. Let s, = a, + b,. Notice that if a, | b,, then a,1 = a, + 1, b,.1 = b, — 1 and
Sni1 = Sp. S0, a, increases by 1 and s, does not change until the first index is reached with
an 1 Sn. Define

W, = {meZ>0: m = a, and mj(sn} and w, = minW,,.

Claim 1. The sequence (w,) is non-increasing.
Proof. 1f a,, | b, then a,1 = a, + 1. Due to a, | s,, we have a, ¢ W,,. Moreover s,,1 = s,;
therefore, W,, .1 = W,, and w,,,1 = w,.

Otherwise, if a, t b,, then a, t s,, so a, € W,, and thus w,, = a,,. We show that a, € W, 1;
this implies w,,+1 < a,, = w,. By the definition of W,, ., we need that a,, > a,+1 and a, 1 s,11.
The first relation holds because of ged(ay,b,) < a,. For the second relation, observe that in
Spy1 = ged(an, by) + lem(ay, by,), the second term is divisible by a,, but the first term is not.
SO ay, 1 Spy1; that completes the proof of the claim. O

Let w = mgn w, and let N be an index with w = wy. Due to Claim 1, we have w,, = w for

alln > N.

Let g, = ged(w, s,). As we have seen, starting from an arbitrary index n = N, the sequence
Gy, Qnyit, - .. increases by 1 until it reaches w, which is the first value not dividing s,,; then it
drops to ged(w, s,) + 1 =g, + 1.

Claim 2. The sequence (g,) is constant for n > N.
Proof. If a,, | by, then s, 1 = s, and hence g, .1 = g,. Otherwise we have a, = w,

ng(CLn, bn) = ng(CLn, Sn) = ng(w7 Sn) = gn7
anby, w(s, —w)

= gn + ——, (1)
dn 9n

Sy — W
w) = ged(w, gn) = Gn. O

Sp+1 = ged(an, by) + lem(ay, by) = g, +

and In+1 = gcd(w, 5n+1) = ng <w> n +

Let g = gn. We have proved that the sequence (a,) eventually repeats the following cycle:

g+l—g+2— .. .—w—g+1.

Solution 2. By Claim 1 in the first solution, we have a,, < w, < wg, so the sequence (a,) is
bounded, and hence it has only finitely many values.

Let M = lem(aq, as, .. .), and consider the sequence b, modulo M. Let r, be the remainder
of b, divided by M. For every index n, since a,, | M | b, —r,, we have ged(ay,, b,) = ged(an, ),
and therefore

any1 = ged(ap, ) + 1.

Moreover,
bosr = lem(an, by) — 1 n 1
T'n = 0Op = 1IcmMiAp, 0p) — 1 = n
+1 +1 ocd(an, by)
= Lbn— 1= Lrn— 1 (mod M).

— ged(an, ) -~ ged(an, )
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Hence, the pair (a,, r,) uniquely determines the pair (@, 1,7,41). Since there are finitely many
possible pairs, the sequence of pairs (a,,r,) is eventually periodic; in particular, the sequence
(a,) is eventually periodic.

Comment. We show that there are only four possibilities for ¢ and w (as defined in Solution 1),
namely

(w,9) €{(2,1),(3,1),(4,2),(5,1)}. (2)

This means that the sequence (a,) eventually repeats one of the following cycles:
(2), (2,3), (3,4), or (2,3,4,5). (3)

Using the notation of Solution 1, for n = N the sequence (a,) has a cycle (¢ + 1,9 +2,...,w)
such that g = ged(w, s,,). By the observations in the proof of Claim 2, the numbers g+ 1,...,w—1 all
divide s,,; so the number L =lem(g+ 1,9+ 2,...,w — 1) also divides s,. Moreover, g also divides w.

Now choose any n > N such that a,, = w. By (1), we have

2
w(sSy, —w w w- —
sn+1=g+("7)=sn-g— 9

Q

Since L divides both s,, and s, 1, it also divides the number T' = “’2;92.

Suppose first that w > 6, which yields g + 1 < § + 1 <w —2. Then (w —2)(w —1) | L | T, so we
have either w? — g2 > 2(w — 1)(w —2), or g = 1 and w? — ¢ = (w — 1)(w — 2). In the former case we
get (w —1)(w —5) + (g2 — 1) < 0 which is false by our assumption. The latter equation rewrites as
3w = 3, so w = 1, which is also impossible.

Now we are left with the cases when w < 5 and ¢g | w. The case (w,g) = (4,1) violates the

w?— g2
g

condition L | ; all other such pairs are listed in (2).

In the table below, for each pair (w,g), we provide possible sequences (a,) and (b,). That shows
that the cycles shown in (3) are indeed possible.

w=2 g=1 a,=2 b,=2-2"+1

w=3 g=1 (ag, am1)=(2,3 (bok, bogr1) = (6-3% +2,6 - 3F +1)

w=4 g=2 (agy, ams1) = (3,4 (bok, bory1) = (12-2F 43,12 2F 1 2)

w =295 g:l (a4k7"'7a4k+3):<2737475) (b4k77b4k+3):(65k+47765k+1)

~— —
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NS5. Determine all triples (a, b, ¢) of positive integers for which ab — ¢, be — a, and ca — b are
powers of 2.

Explanation: A power of 2 is an integer of the form 2", where n denotes some nonnegative
nteger.
(Serbia)

Answer. There are sixteen such triples, namely (2,2,2), the three permutations of (2,2, 3),
and the six permutations of each of (2,6,11) and (3,5,7).

Solution 1. It can easily be verified that these sixteen triples are as required. Now let (a, b, ¢)
be any triple with the desired property. If we would have a = 1, then both b — ¢ and ¢ — b were
powers of 2, which is impossible since their sum is zero; because of symmetry, this argument
shows a, b, c > 2.

Case 1. Among a, b, and c there are at least two equal numbers.

Without loss of generality we may suppose that a = b. Then a* — ¢ and a(c — 1) are powers
of 2. The latter tells us that actually a and ¢ — 1 are powers of 2. So there are nonnegative
integers  and y with @ = 2% and ¢ = 27 + 1. Since a? — ¢ = 22 — 27 — 1 is a power of 2 and
thus incongruent to —1 modulo 4, we must have v < 1. Moreover, each of the terms 22¢ — 2
and 2% — 3 can only be a power of 2 if a = 1. It follows that the triple (a, b, ¢) is either (2,2, 2)
or (2,2,3).

Case 2.  The numbers a, b, and c are distinct.

Due to symmetry we may suppose that
2<a<b<ec. (1)

We are to prove that the triple (a, b, ¢) is either (2,6,11) or (3,5,7). By our hypothesis, there
exist three nonnegative integers «, 3, and ~ such that

bc —a = 2%, (2)
ac—b=2", (3)
and ab—c=2". (4)
Evidently we have
a>fp>n7. (5)

Depending on how large a is, we divide the argument into two further cases.

Case 2.1. a = 2.

We first prove that v = 0. Assume for the sake of contradiction that v > 0. Then ¢ is even
by (4) and, similarly, b is even by (5) and (3). So the left-hand side of (2) is congruent to 2
modulo 4, which is only possible if bc = 4. As this contradicts (1), we have thereby shown that
v =0, i.e., that ¢ =2b—1.

Now (3) yields 3b — 2 = 27, Due to b > 2 this is only possible if 3 > 4. If 3 = 4, then we
get b=6and ¢ =2-6—1 = 11, which is a solution. It remains to deal with the case g > 5.
Now (2) implies

9.2% =9h(2b —1) — 18 = (3b — 2)(6b + 1) — 16 = 2°(2°"* + 5) — 16,

and by 8 > 5 the right-hand side is not divisible by 32. Thus a < 4 and we get a contradiction
to (5).
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Case 2.2. a = 3.
Pick an integer ¥ € {—1, +1} such that ¢ — ¥ is not divisible by 4. Now

2% +19 - 27 = (be — a¥?) + V(ca — b) = (b + ad))(c — )

is divisible by 27 and, consequently, b+ a® is divisible by 2°~'. On the other hand, 2° = ac—b >
(a—1)c = 2c implies in view of (1) that a and b are smaller than 2°~1. All this is only possible
if 9 =1and a+b=2°"1 Now (3) yields

ac—b=2(a+0), (6)

whence 4b > a + 3b = a(c — 1) = ab, which in turn yields a = 3.

So (6) simplifies to ¢ = b + 2 and (2) tells us that b(b+ 2) —3 = (b— 1)(b + 3) is a power
of 2. Consequently, the factors b—1 and b+ 3 are powers of 2 themselves. Since their difference
is 4, this is only possible if b = 5 and thus ¢ = 7. Thereby the solution is complete.

Solution 2. As in the beginning of the first solution, we observe that a,b,c¢ > 2. Depending
on the parities of a, b, and ¢ we distinguish three cases.

Case 1. The numbers a, b, and ¢ are even.

Let 24, 28, and 2¢ be the largest powers of 2 dividing a, b, and c respectively. We may assume
without loss of generality that 1 < A < B < C. Now 27 is the highest power of 2 dividing
ac — b, whence ac — b = 28 <. Slmllarly, we deduce bc — a = 24 < a. Adding both estimates
we get (a + b)e < 2(a + b), whence ¢ < 2. So ¢ = 2 and thus A = B = C' = 1; moreover, we
must have had equality throughout, i.e., a = 24 = 2 and b = 28 = 2. We have thereby found
the solution (a,b,c) = (2,2,2).

Case 2.  The numbers a, b, and ¢ are odd.

If any two of these numbers are equal, say a = b, then ac — b = a(c — 1) has a nontrivial odd
divisor and cannot be a power of 2. Hence a, b, and c¢ are distinct. So we may assume without
loss of generality that a < b < c.

Let « and 8 denote the nonnegative integers for which bc — a = 2% and ac — b = 27 hold.
Clearly, we have a > 3, and thus 27 divides

a-2°—b-2° = a(bc —a) —blac —b) =b* —a®> = (b+a)(b—a).

Since a is odd, it is not possible that both factors b+a and b—a are divisible by 4. Consequently,
one of them has to be a multiple of 2°~!. Hence one of the numbers 2(b + a) and 2(b — a) is
divisible by 27 and in either case we have

ac—b=2°<2(a+b). (7)

This in turn yields (@ — 1)b < ac — b < 4b and thus a = 3 (recall that a is odd and larger
than 1). Substituting this back into (7) we learn ¢ < b+ 2. But due to the parity b < ¢ entails
that b+ 2 < ¢ holds as well. So we get ¢ = b+ 2 and from bc —a = (b— 1)(b+ 3) being a power
of 2 it follows that b = 5 and ¢ = 7.

Case 3. Among a, b, and ¢ both parities occur.

Without loss of generality, we suppose that ¢ is odd and that a < b. We are to show that
(a,b,c) is either (2,2,3) or (2,6,11). As at least one of a and b is even, the expression ab — ¢
is odd; since it is also a power of 2, we obtain

ab—c=1. (8)

If a = b, then ¢ = a*> — 1, and from ac — b = a(a® — 2) being a power of 2 it follows that both a
and a? — 2 are powers of 2, whence a = 2. This gives rise to the solution (2,2, 3).



72 IMO 2015 Thailand

We may suppose a < b from now on. As usual, we let o > 3 denote the integers satisfying
2°=bc—a and 2° =ac—b. (9)

If # = 0 it would follow that ac —b = ab— ¢ = 1 and hence that b = ¢ = 1, which is absurd. So
[ and « are positive and consequently a and b are even. Substituting ¢ = ab — 1 into (9) we
obtain

2% = ab® — (a + ), (10)
and 2% =d’b— (a+D). (11)

The addition of both equation yields 2 + 2% = (ab — 2)(a + b). Now ab — 2 is even but not
divisible by 4, so the highest power of 2 dividing a + b is 2°~!. For this reason, the equations
(10) and (11) show that the highest powers of 2 dividing either of the numbers ab? and a?b is
likewise 2°~1. Thus there is an integer 7 > 1 together with odd integers A, B, and C such that
a=2"Ab=2"B,a+b=2C,and B =1+ 3.

Notice that A + B = 2?"C' > 4C. Moreover, (11) entails A°B — C' = 2. Thus 8 =
4A’B —4C > 4A’B — A— B > A*(3B —1). Since A and B are odd with A < B, this is only
possible if A = 1 and B = 3. Finally, one may conclude C' =1, 7 =1, a = 2, b = 6, and
¢ = 11. We have thereby found the triple (2,6, 11). This completes the discussion of the third
case, and hence the solution.

Comment. In both solutions, there are many alternative ways to proceed in each of its cases. Here
we present a different treatment of the part “a < b” of Case 3 in Solution 2, assuming that (8) and (9)
have already been written down:

Put d = ged(a,b) and define the integers p and g by a = dp and b = dg; notice that p < ¢ and
ged(p, q) = 1. Now (8) implies ¢ = d?pg — 1 and thus we have

2% = d(d*pg® —p—q)
and 27 = d(d*p*¢—p—q). (12)

Now 28 divides 2® — 27 = d3pq(q — p) and, as p and ¢ are easily seen to be coprime to d*p?q — p — q,
it follows that
(d*p*q—p—q) | d* (¢ —p). (13)
In particular, we have d*p?q —p —q < d*(q —p), i.e., &(P*’q+p—q) <p+q. Asp?’q+p—q >0, this
may be weakened to p?q +p — q < p + q. Hence p?q < 2q, which is only possible if p = 1.
Going back to (13), we get
(¢ —q—1)|d*(qg—1). (14)

Now 2(d?q — q — 1) < d*(g — 1) would entail d*(qg + 1) < 2(¢ + 1) and thus d = 1. But this would
tell us that a = dp = 1, which is absurd. This argument proves 2(d?q —q — 1) > d?(¢ — 1) and in the
light of (14) it follows that d?¢ —q—1 = d?>(¢ — 1), i.e., ¢ = d*> — 1. Plugging this together with p = 1
into (12) we infer 20 — @3 (d? — 2). Hence d and d? — 2 are powers of 2. Consequently, d = 2, ¢ = 3,
a=2,b=06, and c = 11, as desired.
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N6. Let Z-, denote the set of positive integers. Consider a function f: Z.y — Z-o. For
any m,n € Z-o we write f"(m) = f(f(...f(m)...)). Suppose that f has the following two

o
n
properties:

fr(m) —m

(1) If m,n € Z-q, then
n

€ Z~o;

(17) The set Z-o \ {f(n)|n € Z=o} is finite.

Prove that the sequence f(1) —1, f(2) — 2, f(3) — 3,... is periodic.

(Singapore)
Solution. We split the solution into three steps. In the first of them, we show that the function
f is injective and explain how this leads to a useful visualization of f. Then comes the second
step, in which most of the work happens: its goal is to show that for any n € Z-( the sequence

n, f(n), f2(n),... is an arithmetic progression. Finally, in the third step we put everything
together, thus solving the problem.

Step 1. We commence by checking that f is injective. For this purpose, we consider any

m, k € Z=o with f(m) = f(k). By (i), every positive integer n has the property that

k—m _["m)—m _f"(k) =k
no n a n

is a difference of two integers and thus integral as well. But for n = |k — m/| + 1 this is only
possible if k& = m. Thereby, the injectivity of f is established.

Now recall that due to condition (i7) there are finitely many positive integers aq, ..., ax
such that Z- is the disjoint union of {ay, ..., ax} and {f(n) |n € Z-o}. Notice that by plugging
n = 1 into condition (i) we get f(m) > m for all m € Z-.

We contend that every positive integer n may be expressed uniquely in the form n = f7(a;)
for some j > 0 and i € {1,...,k}. The uniqueness follows from the injectivity of f. The
existence can be proved by induction on n in the following way. If n € {ai,...,ax}, then
we may take j = 0; otherwise there is some n’ < n with f(n’) = n to which the induction
hypothesis may be applied.

The result of the previous paragraph means that every positive integer appears exactly once
in the following infinite picture, henceforth referred to as “the Table”:

ar | fla) | f*(a1) | fP(a1)
as | flaz) | f(az) | fP(a2)

ar [ Flan) | Pl | Pl
The Table

Step 2. Our next goal is to prove that each row of the Table is an arithmetic progression.
Assume contrariwise that the number ¢ of rows which are arithmetic progressions would satisfy
0 <t < k. By permuting the rows if necessary we may suppose that precisely the first ¢ rows
are arithmetic progressions, say with steps 71,...,7;. Our plan is to find a further row that
is “not too sparse” in an asymptotic sense, and then to prove that such a row has to be an
arithmetic progression as well.

Let us write T' = lem(71, 75, ...,T;) and A = max{ai,as,...,a;} if t > 0; and 7' = 1 and
A =0if t = 0. For every integer n > A, the interval A,, = [n+ 1,n + T'| contains exactly T'/T;
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elements of the i""row (1 < i < t). Therefore, the number of elements from the last (k — t)
rows of the Table contained in A, does not depend on n > A. It is not possible that none
of these intervals A, contains an element from the k — t last rows, because infinitely many
numbers appear in these rows. It follows that for each n = A the interval A, contains at least
one member from these rows.

This yields that for every positive integer d, the interval [A+1, A+ (d+1)(k —t)T] contains
at least (d+ 1)(k —t) elements from the last k — ¢ rows; therefore, there exists an index = with
t+ 1< x <k, possibly depending on d, such that our interval contains at least d + 1 elements
from the z'"row. In this situation we have

fap) < A+ (d+1)(k—1)T.

Finally, since there are finitely many possibilities for x, there exists an index x >t + 1 such
that the set
X ={deZ.o| fYa,) <A+ (d+1)(k—t)T}

is infinite. Thereby we have found the “dense row” promised above.
By assumption (i), for every d € X the number

d _
g, = L0 e

is a positive integer not exceeding

A+ (d+1)(k—-t)T _ Ad +2d(k—t)T
d h d

= A+2(k—1)T.

This leaves us with finitely many choices for 343, which means that there exists a number T,
such that the set
Y ={de X |Bs="T,}

is infinite. Notice that we have f¥(a,) = a, +d-T, for all de Y.

Now we are prepared to prove that the numbers in the 2" row form an arithmetic progres-
sion, thus coming to a contradiction with our assumption. Let us fix any positive integer j.
Since the set Y is infinite, we can choose a number y € Y such that y —j > ‘f] (az)— (az +ij)\.
Notice that both numbers

fY(az) — fj(ar> = fyij (fj(a:v)) - fj(a:v) and  fY(a) — (az + jT,) = (y — j) T

are divisible by y — 7. Thus, the difference between these numbers is also divisible by y — j.
Since the absolute value of this difference is less than y — j, it has to vanish, so we get f7(a,) =
a, +7-1;.

Hence, it is indeed true that all rows of the Table are arithmetic progressions.

Step 3. Keeping the above notation in force, we denote the step of the i*" row of the table by T}.
Now we claim that we have f(n) —n = f(n+7)— (n+T) for all n € Z~(, where

T =lem(Ty,...,Ty) .

To see this, let any n € Z-o be given and denote the index of the row in which it appears in
the Table by i. Then we have f7(n) =n + j-T; for all j € Z~, and thus indeed

fn+T) = f(n) = [ ) = f(n) = (n+ T+ T,) = (n+T,) = T.

This concludes the solution.
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Comment 1. There are some alternative ways to complete the second part once the index x
corresponding to a “dense row” is found. For instance, one may show that for some integer T the set

Y* = {J € Lo ’ fj+1(am) - fj(am) = T;}
is infinite, and then one may conclude with a similar divisibility argument.

Comment 2. It may be checked that, conversely, any way to fill out the Table with finitely many
arithmetic progressions so that each positive integer appears exactly once, gives rise to a function f
satisfying the two conditions mentioned in the problem. For example, we may arrange the positive
integers as follows:

416 | 8 |10
11519 |13 |17
711111519

This corresponds to the function

fn) =

n+2 if nis even;
n+4 if nis odd.

As this example shows, it is not true that the function n +— f(n) —n has to be constant.
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N7. Let Z-o denote the set of positive integers. For any positive integer k, a function
fi Zso — Ly is called k-good if ged(f(m) + n, f(n) + m) < k for all m # n. Find all k such
that there exists a k-good function.

(Canada)

Answer. k > 2.

Solution 1. For any function f: Z-q — Z-q, let G¢(m,n) = ged(f(m) + n, f(n) + m). Note
that a k-good function is also (k + 1)-good for any positive integer k. Hence, it suffices to show
that there does not exist a 1-good function and that there exists a 2-good function.

We first show that there is no 1-good function. Suppose that there exists a function f such
that Gf(m,n) = 1 for all m # n. Now, if there are two distinct even numbers m and n such
that f(m) and f(n) are both even, then 2 | Gf(m,n), a contradiction. A similar argument
holds if there are two distinct odd numbers m and n such that f(m) and f(n) are both odd.
Hence we can choose an even m and an odd n such that f(m) is odd and f(n) is even. This
also implies that 2 | G(m,n), a contradiction.

We now construct a 2-good function. Define f(n) = 290W+1 —n — 1, where g is defined

recursively by g(1) = 1 and g(n + 1) = (290)+1)1,
For any positive integers m > n, set

A= f(m)+n=20" _m -1, B=f(n)+m=2*" _ptm—1

We need to show that ged(A, B) < 2. First, note that A + B = 290+ 4 29+ _ 9 js not,
divisible by 4, so that 4 { gcd(A, B). Now we suppose that there is an odd prime p for which
p | ged(A, B) and derive a contradiction.

We first claim that 29("~D+1 > B This is a rather weak bound; one way to prove it is as fol-
lows. Observe that g(k+1) > g(k) and hence 29:+D+1 > 29(-)+1 4 1 for every positive integer k.
By repeatedly applying this inequality, we obtain 29(m=D+1 > 29(W+1 4 (1 — 1) —p = B.

Now, since p | B, we have p — 1 < B < 29m=U+1 5o that p — 1 | (29D = g(m).
Hence 29(™ = 1 (mod p), which yields A + B = 290*! (mod p). However, since p | A + B,
this implies that p = 2, a contradiction.

Solution 2. We provide an alternative construction of a 2-good function f.

Let P be the set consisting of 4 and all odd primes. For every p € P, we say that a number
a € {0,1,....,p— 1} is p-useful if a # —a (mod p). Note that a residue modulo p which is
neither 0 nor 2 is p-useful (the latter is needed only when p = 4).

We will construct f recursively; in some steps, we will also define a p-useful number a,,.
After the m' step, the construction will satisfy the following conditions:

(i) The values of f(n) have already been defined for all n < m, and p-useful numbers a, have
already been defined for all p < m + 2;

(74) If n <m and p < m+ 2, then f(n) +n # a, (mod p);
(4i) ged(f(na) + na, f(n2) +ny) <2 for all ny < ny < m.
If these conditions are satisfied, then f will be a 2-good function.

Step 1. Set f(1) =1 and ag = 1. Clearly, all the conditions are satisfied.

Step m, for m = 2. We need to determine f(m) and, if m + 2 € P, the number a,, .

Defining f(m). Let X,, = {p € P:p | f(n) + m for some n <m}. We will determine
f(m) mod p for all p € X,, and then choose f(m) using the Chinese Remainder Theorem.
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Take any p € X,,. If p < m + 1, then we define f(m) = —a, —m (mod p). Otherwise, if
p = m + 2, then we define f(m) =0 (mod p).

Defining a,,+2. Now let p = m + 2 and suppose that p € P. We choose a, to be a residue
modulo p that is not congruent to 0, 2, or f(n) + n for any n < m. Since f(1) +1 = 2, there
are at most m + 1 < p residues to avoid, so we can always choose a remaining residue.

We first check that (i) is satisfied. We only need to check it if p = m + 2 or n = m. In the
former case, we have f(n) +n # a, (mod p) by construction. In the latter case, if n = m and
p < m+ 1, then we have f(m)+m = —a, # a, (mod p), where we make use of the fact that
a, is p-useful.

Now we check that (iii) holds. Suppose, to the contrary, that p | ged(f(n) + m, f(m) + n)
for some n <m. Thenpe X,, andp | f(m)+n. If p=m+2,then 0 = f(m)+n =
which is impossible since n < m < p.

Otherwise, if p < m + 1, then

0= (f(m) + n) + (f(n) +m) = (f(n) +n) + (f(m) +m) = (f(n) + n) —a, (mod p).
This implies that f(n) + n = a, (mod p), a contradiction with (7).

Comment 1. For any p € P, we may also define a, at step m for an arbitrary m < p — 2. The
construction will work as long as we define a finite number of a, at each step.

Comment 2. When attempting to construct a 2-good function f recursively, the following way
seems natural. Start with setting f(1) = 1. Next, for each integer m > 1, introduce the set X, like
in Solution 2 and define f(m) so as to satisfy

f(m)= f(m—p) (mod p) for all p e X,,, with p <m, and
f(m)=0 (mod p) for all p € X,,, with p > m.

This construction might seem to work. Indeed, consider a fixed p € P, and suppose that p
divides ged(f(n) + m, f(m) + n) for some n < m. Choose such m and n so that max(m,n) is
minimal. Then pe X,,. We can check that p < m, so that the construction implies that p di-
vides ged(f(n) + (m —p), f(m —p) + n). Since max(n,m — p) < max(m,n), this almost leads to a
contradiction—the only trouble is the possibility that n = m — p. However, this flaw may happen to
be not so easy to fix.

We will present one possible way to repair this argument in the next comment.

Comment 3. There are many recursive constructions for a 2-good function f. Here we sketch one
general approach which may be specified in different ways. For convenience, we denote by Z, the set
of residues modulo p; all operations on elements of Z,, are also performed modulo p.

The general structure is the same as in Solution 2, i.e. using the Chinese Remainder Theorem to
successively determine f(m). But instead of designating a common “safe” residue a, for future steps,
we act as follows.

For every p € P, in some step of the process we define p subsets BI(,U, BI(,2), e ,BI(,p) C Zp. The
meaning of these sets is that

f(m) + m should be congruent to some element in B](f) whenever m =4 (mod p) for i € Z,. (1)

Moreover, in every such subset we specify a safe element bl(,i) € BI(,i). The meaning now is that in
future steps, it is safe to set f(m) + m = bz(,z) (mod p) whenever m =i (mod p). In view of (1), this
safety will follow from the condition that p { gcd(bg) +(j —i),c9) — (j — 1)) for all j € Z, and all

) e Bl(,j ). In turn, this condition can be rewritten as

— bz()i) ¢ Bz(vj)’ where j=1i-— bz(,i) (mod p). (2)
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The construction in Solution 2 is equivalent to setting bé,i) = —a, and B,(,i) = Zp \ {ap} for all .
However, there are different, more technical specifications of our approach.

One may view the (incomplete) construction in Comment 2 as defining BI(,i) and bl(,i) at stepp—1
by setting BI(;O) = {bz(,o)} = {0} and BI(,i) = {bl(,i)} = {f(i) + i mod p} for every i = 1,2,...,p — 1.
However, this construction violates (2) as soon as some number of the form f(i) + i is divisible by
some p with ¢ + 2 < p € P, since then —bl(,i) = bg) € Bl(f).

Here is one possible way to repair this construction. For all p € P, we define the sets BI(,i) and the
elements b\ at step (p—2) as follows. Set BSY = {bél)} = {2} and B{Y = BV = {bz(,_l)} = {béo)} =
{—1}. Next, for all i =2,...,p — 2, define BI(,i) = {i, f(i) + ¢ mod p} and bz(,i) = 4. One may see that
these definitions agree with both (1) and (2).
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N8. For every positive integer n with prime factorization n = Hle p;*, define

U(n) = Z ;.

i: p;>10100

That is, U(n) is the number of prime factors of n greater than 10'°°, counted with multiplicity.
Find all strictly increasing functions f: Z — Z such that

UO(f(a) = f(b)) <V(a—b) for all integers a and b with a > b. (1)
(Brazil)

Answer. f(z) = az + b, where b is an arbitrary integer, and a is an arbitrary positive integer

with U(a) = 0.

Solution. A straightforward check shows that all the functions listed in the answer satisfy the
problem condition. It remains to show the converse.

Assume that f is a function satisfying the problem condition. Notice that the function
g(x) = f(x) — f(0) also satisfies this condition. Replacing f by g, we assume from now on that
f(0) = 0; then f(n) > 0 for any positive integer n. Thus, we aim to prove that there exists a
positive integer a with U(a) = 0 such that f(n) = an for all n € Z.

We start by introducing some notation. Set N = 10'%. We say that a prime p is large

if p > N, and p is small otherwise; let S be the set of all small primes. Next, we say that
a positive integer is large or small if all its prime factors are such (thus, the number 1 is the
unique number which is both large and small). For a positive integer k, we denote the greatest
large divisor of k and the greatest small divisor of k& by L(k) and S(k), respectively; thus,
k = L(k)S(k).
We split the proof into three steps.

Step 1. We prove that for every large k, we have k | f(a) — f(b) < k| a—"0b. In other
words, L(f(a) — f(b)) = L(a — b) for all integers a and b with a > b.

We use induction on k. The base case k = 1 is trivial. For the induction step, assume that
ko is a large number, and that the statement holds for all large numbers k& with k < k.

Clatm 1. For any integers x and y with 0 < x —y < ko, the number ky does not divide
f(@) = f(y).

Proof. Assume, to the contrary, that ko | f(z) — f(y). Let £ = L(z — y); then £ < x — y < k.
By the induction hypothesis, ¢ | f(z) — f(y), and thus lem(ko,?) | f(z) — f(y). Notice that
lem(ko, €) is large, and lem(ko, £) = ko > ¢. But then

O(f(z) = f(y)) = B(lem(ko, £)) > B() = O(z — y),

which is impossible. N

Now we complete the induction step. By Claim 1, for every integer a each of the sequences

fla),fla+1),....fla+koy—1) and f(a+1),f(a+2),...,f(a+ ko)

forms a complete residue system modulo ky. This yields f(a) = f(a + ko) (mod kg). Thus,
f(a) = f(b) (mod ko) whenever a =b (mod ky).

Finally, if a # b (mod ko) then there exists an integer &' such that ¥ = b (mod k) and
la = V| < kog. Then f(b) = f(V') # f(a) (mod kg). The induction step is proved.

Step 2. We prove that for some small integer a there exist infinitely many integers n such that
f(n) = an. In other words, f is linear on some infinite set.
We start with the following general statement.
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Claim 2. There exists a constant ¢ such that f(t) < ct for every positive integer ¢t > N.

Proof. Let d be the product of all small primes, and let a be a positive integer such that
2% > f(N). Then, for every p € § the numbers f(0), f(1),..., f(N) are distinct modulo p®.
Set P =d“ and ¢ = P + f(N).

Choose any integer ¢ > N. Due to the choice of «, for every p € § there exists at most one
nonnegative integer ¢ < N with p® | f(¢t) — f(i). Since |S| < N, we can choose a nonnegative
integer j < N such that p® { f(t) — f(j) for all p € S. Therefore, S(f(t) — f(j)) < P.

On the other hand, Step 1 shows that L(f(¢) — f(j)) = L(t — j) <t — j. Since 0 < j < N,
this yields

F@&) = fG) + L(F(&) = f(5) - S(f(t) = £(5) < f(N) + (t = )P < (P+ f(N))t =ct. O

Now let T be the set of large primes. For every t € T, Step 1 implies L(f(t)) = t, so the
ratio f(t)/t is an integer. Now Claim 2 leaves us with only finitely many choices for this ratio,
which means that there exists an infinite subset 7' < 7 and a positive integer a such that
f(t) = at for all t € T', as required.

Since L(t) = L(f(t)) = L(a)L(t) for all t € T', we get L(a) = 1, so the number a is small.
Step 3. We show that f(z) = ax for all x € Z.
Let R; = {x € Z: =i (mod N!)} denote the residue class of ¢ modulo N!.

Claim 3. Assume that for some r, there are infinitely many n € R, such that f(n) = an. Then
f(z) = ax for all x € R,,;.

Proof. Choose any = € R,.;. By our assumption, we can select n € R, such that f(n) = an

and |n — x| > |f(z) — az|. Sincen —xz =7 — (r+1) = =1 (mod N!), the number |n — z| is
large. Therefore, by Step 1 we have f(z) = f(n) = an = axr (mod n—z),son—x | f(x)— ax.
Due to the choice of n, this yields f(z) = az. O

To complete Step 3, notice that the set 7’ found in Step 2 contains infinitely many elements
of some residue class R;. Applying Claim 3, we successively obtain that f(x) = ax for all
r € Riy1,Riyo,..., Rii v = R;. This finishes the solution.

Comment 1. As the proposer also mentions, one may also consider the version of the problem where
the condition (1) is replaced by the condition that L(f(a) — f(b)) = L(a — b) for all integers a and b
with a > b. This allows to remove of Step 1 from the solution.

Comment 2. Step 2 is the main step of the solution. We sketch several different approaches allowing
to perform this step using statements which are weaker than Claim 2.

Approach 1. Let us again denote the product of all small primes by d. We focus on the values f(d'),
i > 0. In view of Step 1, we have L(f(d") — f(d*)) = L(d' — d*) =d"* — 1 for all i > k > 0.

Acting similarly to the beginning of the proof of Claim 2, one may choose a number o > 0 such
that the residues of the numbers f(d'), i = 0,1,..., N, are distinct modulo p® for each p € S. Then,
for every i > N, there exists an exponent k = k(i) < N such that S(f(d*) — f(d*)) < P = d°.

Since there are only finitely many options for k(i), as well as for the corresponding numbers
S(f(d’) — f(d*¥)), there exists an infinite set I of exponents i > N such that k(i) attains the same
value kg for all 7 € I, and such that, moreover, S ( fld) — f (dko)) attains the same value sy for all
i € I. Therefore, for all such i we have

F(d) = f(d) + L(f(d") — f(d*)) - S(f(d") — f(d*)) = f(d™) + (&' —1)so,

which means that f is linear on the infinite set {d’: i € I'} (although with rational coefficients).
Finally, one may implement the relation f(d’) = f(1) (mod d’ — 1) in order to establish that in
fact f(d")/d’ is a (small and fixed) integer for all i € I.
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Approach 2. Alternatively, one may start with the following lemma.

Lemma. There exists a positive constant ¢ such that

i=1

3N 3N 2N
L (H(f(k:) - f(i))) = HL(f(k) — f(0) = c(f(k))

for all £ > 3NV.
Proof. Let k be an integer with & > 3N. Set II = Hf’ivl (f(k)— f(3)).

Notice that for every prime p € S, at most one of the numbers in the set
H={f(k)— f(i): 1 <i<3N}

is divisible by a power of p which is greater than f(3N); we say that such elements of H are bad.
Now, for each element h € H which is not bad we have S(h) < f(3N)¥, while the bad elements do
not exceed f(k). Moreover, there are less than N bad elements in H. Therefore,

s = [ 5m) < (PN - (1),

heH

This easily yields the lemma statement in view of the fact that L(II)S(II) = II > p(f (k))3N for some
absolute constant p. J

As a corollary of the lemma, one may get a weaker version of Claim 2 stating that there exists a
positive constant C' such that f(k) < C k%2 for all k > 3N. Indeed, from Step 1 we have

3N

3N
6 = T2tk =) = [T L(0) = 1) = (£ (),
i=1

i=1

so f(k) < ¢ VCNE3/2,

To complete Step 2 now, set a = f(1). Due to the estimates above, we may choose a positive
integer ng such that |f(n) —an| < @ for all n = nyg.

Take any n > ng with n = 2 (mod N!). Then L(f(n)— f(0)) = L(n) = n/2 and L(f(n)— f(1)) =
L(n — 1) = n — 1; these relations yield f(n) = f(0) = 0 = an (mod n/2) and f(n) = f(1) = a=an
(mod n — 1), respectively. Thus, @ | f(n) — an, which shows that f(n) = an in view of the
estimate above.

Comment 3. In order to perform Step 3, it suffices to establish the equality f(n) = an for any
infinite set of values of n. However, if this set has some good structure, then one may find easier ways
to complete this step.

For instance, after showing, as in Approach 2, that f(n) = an for all n = ny with n = 2 (mod NV),
one may proceed as follows. Pick an arbitrary integer x and take any large prime p which is greater
than |f(z) — az|. By the Chinese Remainder Theorem, there exists a positive integer n > max(z, no)
such that n =2 (mod N!) and n =z (mod p). By Step 1, we have f(z) = f(n) = an = az (mod p).
Due to the choice of p, this is possible only if f(z) = ax.
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